Appendix A
Gaunt factor evaluation

This appendix derives equations (4.7) and (4.9), for use in the calculation of the
Gaunt factors for the new coupling scheme. Coupling of the angular momentum of
a valence electron to the core configuration can be conveniently expressed with the
introduction of ‘Clebsch-Gordan’ coefficients (sometimes referred to as ‘vector cou-
pling’ coefficients and equivalently expressed as ‘Wigner 3-j’ coefficients). Consider
the wavefunction W(j;j2jm) such that j is the resultant angular momentum due to
j1 and jo, with corresponding magnetic quantum number m. The Clebsch-Gordan
coefficient (C71727 ) can be used to uncouple ¥ (j,jojm) into the constituent wave-

mimam

functions for j; and jo. CJ1921  and is defined such that

\I’(jlj2jm) = Z szllj%mq)(]ikmlmz) (A-l)

mim?2

where ®(j1jamims) = W(j1m1)¥(jamz). Angular momentum problems reduce to
a set of these Clebsch-Gordan coefficients which can be further reduced to a set
of ‘Wigner 6-j° and higher coefficients using various transformations and symmetry
properties. There exists an elegant technique, first introduced by Levinson (1955)
for the manipulation of angular momentum coefficients, whereby one converts the
coefficients into graphical form and manipulates the resultant diagrams. The various
mathematical transformations of the Clebsch-Gordan coefficients all have correspond-
ing geometric transformations on the diagram. The graphical method is described

in standard quantum angular momentum text books such as Rose (1986), Edmonds
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(1974), with the most complete description being found in chapter 7 of Brink and
Satchler (1968). For completeness, the key details are reproduced here in appendix

A.1. The new Gaunt factors are then derived using these rules in appendix A.2.

A.1 Basic rules for graphical expression and ma-

nipulation of Clebsch-Gordan coefficients

The Clebsch-Gordan coefficients can be transformed into Wigner 3-j coefficients as

shown in equation A.2.

cote — (1) (20 + 1)1/2 ( Z Z ; ) (A.2)

a b c

where ( 5 ) is the wigner 3-j coefficient. This is expressed graphically by
«Q Y

associating a straight line with each of the angular momentum vectors a, b and ¢ and

joining the lines at a single point or ‘node’. The Clebsch-Gordan symbol is drawn as
in figure A.1 and the Wigner 6-j as in figure A.2. - note that each node has a sign
attached to it. By convention the magnetic quantum number associated with each
angular momentum vector is omitted from the diagram. Also note that some vectors
have directional arrows attached to them.

The rules for graphical manipulation of Clebsch-Gordan coefficients are as follows:

1. Any geometric deformation that preserves the order of the arrows and signs on
each node is allowed. If the cyclic order at any node is changed there must be

a corresponding change in the sign of the node.

2. A change in the cyclic order of the 3-j symbol results in a change in the sign of

the node as shown in figure A.3.

3. Two lines representing the same total angular momentum can be joined together

as in figure A4

4. A line with two oppositely directed arrows is equivalent to a line with no arrows
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Figure A.1: Graphical representation of the Clebsch-Gordan coefficient

5. A line corresponding to an angular momentum a with two arrows in the same

direction is equivalent to a line with no arrows times a factor (—1)2.

6. If an arrow on a line with angular momentum « is reversed, the graph must be

multiplied by a factor (—1)2.

7. Three arrows may be added to a node, one to each line, without changing the
value of the graph. The arrows must all be directed either into or out from the

node.

The ‘Wigner-Eckart’ theorem can be used to reduce the matrix < jm|T),|j'm' >,
where T}, is an irreducible tensor operator (such as a spherical harmonic), to extract

the dependence on the magnetic quantum numbers. The theorem states that

<JITulli" > jiai

Note that the magnetic quantum number is now contained in a Clebsch-Gordan co-

< gm|Thulg'm' >=

efficient.
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Figure A.2: Graphical representation of the Wigner 6-j coefficient. The summation is over all
magnetic quantum numbers.

a a

Figure A.3: Change in cyclic order of Wigner 3-j symbol
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Figure A.4: Combining Wigner 3-j symbols
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A.2 Application of the graphical manipulation method
for Clebsch-Gordan coefficients
The evaluation of Gaunt factors, such as the bound-bound expression

= ()

2

L QiR (v, ) (A4)

I
gz’,i’(l/’ V') = W, i,/

reduces to a need to evaluate Q and R, where R is the radial integral component and
(@ contains the angular factors. In the case of a highly excited level built on a parent

level, Q and R can be rewritten

Qi,i:Rfﬂ,(u, V') =< (SpLpJpMp)nljmJIM|r|(Sp L JpMp)n'l'j'm' I M' > (A.5)

At this point the RHS is simplified using Clebsch-Gordan coefficients.

A.2.1 Gaunt factors for j-j coupled initial and final states

Consider a transition between two fully J-resolved levels, we evaluate the Q; # R ; (v, )
component of the Gaunt factor and split the position vector r into its radial and

spherical harmonic components. The expression that must be evaluated becomes

((SyLpJy)nlj JM|r|(S.LE Il T My =

pp-p

((SyLpJy)nljd M|rYy,|(SLLLJ)n'l' J' My (A.6)

p—p~p

Using the Wigner-Eckart thereom (equation (A.3)) to extract the dependence of the

matrix on M and M'.

((SpLyd,)nlj JM 1Y, | (S L Jp )15 T M)
Ci _ _
= %((Sp%%)nlﬂ\\ﬂﬂ\(S}:L'pJ}a)n’l’J’J’> (A7)

Multiply both sides by 3=z, Ciii/y, and use
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3 Cl T Crhe = SraSnm (A.8)

M'u

to get

> ((SpLypdyp)nlg IM 1Yy, | (S Ly TRV 5 T M YC iy (2 + 1)1

p—p”p
M'u

= 5JJ15MMI<(SPLPJP)TLZ].J‘ ‘TK||(S}:;LIPJ;3)77/ZI_]IJ,> (Ag)

Now sum both sides over M, note that the RHS in the above equation has no M
dependence, and thus the sum over M introduces a factor (2J + 1) on the RHS.

((SpLpdp)nljJ|[rYi]|(SpLpJp)n'l's' J')
= @I+ 1)2 3 Oy (SpLyp dy)nlg IM |rYy, (S, L, J)n'l' 5 J' MY A.10)

ppp
M'Mp

Then use the Clebsch-Gordan coefficients (equation (A.1)) to reduce the matrix de-

pendence to j, m, j' and m/.

LHS = @J+1)72 S ciphom ol

! ! !
Mpm/ M
M'u
Mpm
M;Dm'

X ((SpLpJpyMp)nljm|rYy,|(S, L, J, M )n'l'j'm') (A.11)

p—p p P

Since there is no change in the parent configuration this can be expressed as.

LHS = (2] +1)78(SpLpJeMp, SLyJyMy) 3 CliltCatmn Citntan

pp p P
M'u
Mpm
M},m'

x{nlgm|rYy,|n'l'j'm')

= QT+ 1720, Lpdy, SyLyTs) D Clt Cotomas Cotrt
My

P> ~p~pp

Mpm

m'

X < nl|r|nl' >< Ijm|Yy,|l'j'm' > (A.12)
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Then use equation (A.1) to uncouple j, m and j', m' into I, my, s, ms and I';, mj, s,

!

m.

LHS = (2J+1)36(SLpdy SSILTY) S Ol it Oy Ot

ppTP
M' M,
mm'ml
ms m;m's

xC" '3 o < el >< Imymyg Y, | 'mym!, > (A.13)

mm’

ms must equal m/, so

LHS = (1 + 1) (S L S L) Y G Cl
M';/,Mp
XlemSmC B nl|r|n'l' >< lmymg| Y1, [U'mim!, > (A.14)

mmm

Using the Wigner-Eckart theorem once again we get

LHS = (27 +1)738(SyLydy, SLLLTY) S i Cor Ot

p—pTp
M’ uMp
o
m)um
Xcmlmsmcmlmsm,m < nl|T|n'l' >< l||Y1||l, >
2] +1)2
= %5(5 LyJy, SyLLJ0) < nllr|n'l! >< 1|3 ||l >

(21+1)2

CJ’IJ Jpgd C-ij"]’ C Cf Cl’ll A15
X Z M'uM M mM ™~ Mpm! M~ TMs™m mm m/ muml ( ' )

M' M,

msm;

The Clebsch-Gordan coefficients are then represented graphically and equation (A.15)

reduced to Wigner 6-j symbols as follows
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[(23+1)°(23'+1)(21+1)(2j+1)(2j'+1)]

j+1+1/2

(_1)Jp+J+|(_l)

Note the change in sign at the node

- + 1/2 +

jH+1/2 12

(_l)Jp+J+|(_l)

[(2J+1)2(2J’+l)(2|+1)(2j+1)(2j’+1)]

- + 1/2 +

yx)/‘”(—lf“’ " A S

1/2

[(23+1)°(23'+1)(21+1)(2j+1)(2j'+1)]
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_ { ] J JP }{ j’ A 1/2 }(_1)2JP(_1)JP+J(_1)l+1/2

J 71 I 5 1
x[(2 + 1)2(2J" +1)(25 + 1)(25' + 1)(21 + 1)]/2 (A.16)
Thus we have
(2J +1)71/2 . 2 2
X(_1)3JP+J+Z+1/2 g J Jp jl ! 1/2
J 71 I 5 1
x[(2J +1)2(2J" +1)(25 +1)(25' +1)(21 + 1)]'/2 (A.17)

leading to the final result

((SpLpJp)nljJ|[rYi||(Sp L Tp)n'l' §' T
= (2T +1)(2) + 1))+ 1)2J +1)5(SpLpJp; SpLldb)
2 2
g 12
x| < nllrlnl' > 2| < vl > 24 7 i U2 ) g
J g1 11

It is now possible to sum equation A.18 to account for all possible degrees of resolution

in the transitions for the new coupling scheme. The results are shown in table A.1.
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(j — j) coupling to (j' — j') coupling Q and R values evaluated for various levels of

Table A.1

resolution.
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A.2.2 Gaunt factors for cross-coupling

The angular algebra solution for the cross-coupling Gaunt factor proceeds as follow:

< (SPLP)TLZSLJH’FY”|(S;JL’PJ;D)TLIZI]/J/ >
= (2J+1) 1/2 Z CJ',NM < (SPLP)nlSLJM|7'Y1H|(S},L},J})n’l’j’J'Ml S

M'u
_ —1/2 J'1J  ~SLJ Jpg'J’
—_ (2J+ ].) Z CM’[LMCMsMLMC },TTLIM’
M'yM
MgMp M,

m’

< (SpLp)nlSLMpMg|rYy,|(Sh Ll Jp Mb)n'l'j'm' >

Note that in this last line the LHS is indepentent of M and therefore summing both

sides over M introduces a on the RHS, hence the change in sign of the (2J +1)

(2J+1)
term.

LHS = @I+1)7" S OL O wCl O, Ol O

m’rnm
M'uMg
My,
M;,m’
MSPmSMLp
mlm;m;
Mz pMsp
xCLPSele < (SpLpMy, Mg, ynlmyms|rYu,|(SeLsMy, Mg Yn'l'mim! >
M/M/Mp, pPLPLp M Sp Uz w|wplpMyp, Mg, 1M

= (2J +1)7Y25(S, Ly My, Ms,my; S LMy Mg ml) < nlmy|rYy,|n'U'm!, >

J1J  ~SLJ Tpg' T
X Z CM'MMCMSMLMCM;,m'M'
M'uMg
MpMpm'
MSpmsMLp
mlmm
My, Mg
CSPz LplL C "33’ LpSpJp

MspmsMs™~ M ,mi My, mm’m’ M Mg Mpy
P P
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a 1 T4 T
_ @I+t S ol S o i’
BNCESVE it Ot s O vt
M'uMg
MpMpm'
M’SPmSMLp
mlm;
OSP%S LplL 35 CLPSPJ;D 111

MgpmsMg™~ My, ,myMp ™~ mjmsm' ™~ My p, Mg, Mp; ™~ M M,

x < nl|rin'l" >< 1||Y1|]I' > (A.19)

One can then use the graphical methods as before to simplify the Clebsch-Gordan

coefficients.
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-sen{ TS J,}{ ji 15?}{;’ o
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=

— (_ 1)2J+3J’+3l’+l+3/2+j’+J§, +3Lp+25+Sp
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L | L 10 1
XY, (2 + 1)(~1)* r
z S J z J J

Lor 1/2 ro1/2
N To 1/2 @ (A.20)
rogo S Lp Sp

The results for the various levels of resolution can then be evaluated as before.



