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Abstract

This thesis seeks to provide spectroscopic diagnostic tools through the advancement
of atomic modelling techniques. Issues of opacity (and its consistent treatment from
bound to free states), excited state population modelling and spectral feature gen-
eration are dealt with. The escape factor technique is used to account for opacity
in emergent flux and atomic population calculations. A thorough treatment of low
series member opacity is given in the code ADAS 214, which modifies adf04 files for
subsequent population processing via ADAS collisional-radiative routines. The es-
cape factor expressions are analytically extended from bound to free states, allowing
opacity to be dealt with smoothly across the ionisation threshold. The continuity
approach of this thesis is contrasted with the usual technique of introducing an ion-
ising plasma microfield which gradually ‘dissolves’ the highly excited quantum shells
into the continuum. A comprehensive plan is outlined which will allow collisional-
radiative modelling of arbitrary heavy species. This scheme works in a new coupling
picture, for which new Gaunt factors have been developed. The bundled-(.J,)nl and
bundled-(J,)n block primitives of this model have been developed, as has a test mod-
ule for a single n-shell of the bundled-(.J,)nlj block primitive. A scheme for automatic
determination of bundling cut-offs has also been demonstrated. The new model is de-
signed in a modular manner to allow future developments to be performed in testable
steps and to take advantage of modern high performance computers. The popula-
tion, opacity and continuity modelling are then brought together in the generation of
a synthetic spectrum for series limit wavelengths of hydrogenic systems. A specific
code is written to allow JET divertor Balmer series limit observations to be analysed,
returning diagnostic information on plasma electron density, temperature and recom-
bination state. The code is shown to provide good fits to typical divertor spectra and
will be developed into an ADAS spectral fitting procedure. The future directions for

application of the work are outlined.
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Chapter 1

Introduction

1.1 Aims and objectives

This thesis is focused on atomic modelling for diagnostic analysis of plasmas through
observation of their spectra. It is recognised that spectroscopy of high temperature
plasmas provides probably the most sensitive and revealing type of measurement
which can be made on atoms. Such studies are applicable whether the plasma is re-
mote as in astrophysics or nearby in the laboratory. The emitting atoms are in many
circumstances revealing of the environment in which they lie and it is these situations
which provide the diagnostic opportunities. Consider the solar chromospheric/coronal
plasma and the laboratory fusion plasma. They have marked similarities from the
point of view of spectral emission, although their energy input mechanisms are quite
different. Both are high temperature plasmas with the solar upper atmosphere elec-
tron temperature ranging from ~ 2 x 10*K to ~ 2 x 10°K in the quiet sun and
up to ~ 1 x 10K in flares. The modern fusion plasma, such as the Joint Euro-
pean Torus (JET) tokamak, is of somewhat higher temperature at ~ 3 x 10’K to
~ 2 x 108K (3keV to 20keV) in the core, but with temperatures in the key divertor
plasma very similar to the solar case. The core fusion plasma has electron densities
of ~ 3 x 10" — 1 x 10'*em ™3 while the solar coronal plasma is of lower density at
~ 1 x 108¢m~=3 but rising steadily as one moves down through the chromosphere.

Both types of plasma display marked gradients in temperature and density (compare



Figure 1.1: He 304 A observation of the solar chromosphere at T, ~ 40,000k, taken
using the EIT instrument onboard the SOHO spacecraft.

the solar transition region and high shear layers and H-mode pedestals in the fusion
case) quite apart from local disturbances and instabilities. These temperatures ensure
that the plasma is highly ionised and the relatively low densities mean that the ion
environment is far from local thermodynamic equilibrium. Also, the dimensions of
the plasmas ensure that one has in general easy escape, that is optical thinness, of
the emitted radiation. For these reasons, the spectral analysis for these two types of
plasma has developed similarly in a modelling picture which even in the fusion case
is often called ‘coronal’.

With the development of X-ray telescopes and new satellites and spacecraft with
scientific payloads (e.g. the Hubble Space Telescope, SOHO, TRACE, CHANDRA)
there are few spectral regions left that cannot be measured. This means that the
spectra resulting from almost any possible atomic transition can be observed and

diagnostic information obtained.



Figure 1.2: An image of the inside of the JET tokamak.

Spectroscopy can be divided into the broad categories of ‘wavelength’ and ‘intensity’
based spectroscopy. Wavelength spectroscopy takes wavelength information such as
line centroids and line widths and returns information on the local plasma conditions
such as flow velocities, ion temperatures and in certain circumstances ion and electron
densities. It does this primarily via knowledge of the plasma distribution functions
and relates the wavelength information to the appropriate plasma parameters, for
example relating the shift in a line centroid to a doppler shift in the emitting atoms.
In general it is not necessary to know detailed information on the atomic populations
for such techniques. This is mostly, but not always, the case. For example, diagnosing
plasma electron densities from observed collisionally broadened line widths requires
information on the populations for the line broadening calculations. However, broadly
speaking, these techniques are independent of the population distribution within the
emitting atoms. The observations of such spectra developed alongside the models
which use wavelength spectroscopy for their interpretation.

This thesis focuses largely on using intensity spectroscopy as a means of interpreting

observational data. In intensity spectroscopy information such as line heights or line



ratios are used. The height of spectral lines is strongly dependent on the atomic
population structure of the emitting atoms, thus models designed as tools for inten-
sity spectroscopy are firmly grounded in atomic population modelling. Again the
diagnostic models have tracked the development of observations and the increasing
resolution to which spectra can be observed.

Initially it was mainly the strong resonance lines which could be resolved and inten-
sity spectroscopy was used to relate the intensities of such lines to the population
structure, which could then be related to the plasma emitter or electron densities and
temperatures if information was available on all of the dominant atomic processes
which determine the system’s population distribution. The resonance lines of interest
tended to come from plasmas of the coronal type, and as such could be modelled
relatively simply. There were no optical thickness effects and the dominant atomic
processes that had to be considered were largely the strong dipole-allowed collisional
and spontaneous rates which determined the populations of the principal quantum
shells. With the breadth in the wavelength range of spectrometers, observations could
be made of most regions of interest and so most of the main resonance lines could
be observed. Note that the general method in developing the diagnostic technique
was to construct the atomic model, with all the appropriate transition rates, to then
follow this through to a synthetic spectrum, or at least a theoretical intensity. A
synthetic spectrum generated for intensity spectroscopy analysis is referred to as a
‘spectral feature’. The optimisation of a fit of this feature to an observed spectrum
returns a diagnostic of plasma parameters such as temperature, density, etc.

As plasmas of greater density (or sometimes of greater dimensions in the astrophys-
ical case) were observed, optical thickness effects became significant. For example
investigations into solar prominences led to the conclusion not only that they were
extremely optical thick in the Lyman series (Hirayama, 1963), but that absorption
of the Lyman continuum was one of the main sources for prominence energy gain
(Poland and Anzer, 1971). The need to interpret optically thick spectra led to the
development of various techniques to deal with opacity adjustments to populations,
line shapes and emergent fluxes. These techniques can be broadly categorised into

‘radiative transfer’ and ‘escape factor’ methods and will be discussed later in this



chapter, and in chapter 2.

As spectroscopic techniques advanced it became possible to resolve finely split mul-
tiplets of known atomic systems. This allowed the redistributive rates between these
finely split levels to be examined and atomic models were developed to account for
such transition rates. The effects of re-distributive electron and ion collisions were
included in the atomic modelling such that non-statistical, resolved populations could
be evaluated. These models could then be employed to interpret the intensity of the
observed spectral multiplet in terms of the dominant plasma parameters involved in
the re-distributive transitions (such as the ion and electron densities). In this way
more detailed plasma information than was possible using resonance lines alone could
be diagnosed.

As more exotic plasmas were generated on earth and spectral observations of as-
trophysical objects improved, it became possible to observe the comparatively weak
spectral lines originating from high quantum shells. These observed high series lines
are often blended with neighbouring members and are typically observed from low
temperature, high density plasmas. These spectra were first of all interpreted using
wavelength spectroscopy (the wavelength of the last observable discrete line was used
to determine the plasma electron density, see Inglis & Teller, 1939). Techniques were
then developed such that intensity spectroscopy could be performed on series limit
observations (Pigarov et al., 1998). Interpreting these spectra requires knowledge of
the atomic processes to and from the high quantum shells, with a need to account
properly for the transitions from high series blended lines and the smooth merging
of such high n-shell bound populations through to free states. Account must also
be taken of plasma microfield effects on the high lying populations and associated
transitions consistently within the collisional-radiative framework. Such models can
reap a further level of diagnostic information than was possible from resonance line
or multiplet analysis alone. The work of this thesis is part of the development of
this latest spectroscopic technique and seeks to match absolute intensities of high
series observations with a fitted theoretical spectrum. Again the basic principle has
been used where the construction of an atomic model leads to a predicted spectrum,

allowing a fitting of this synthetic feature to the observations to be made and plasma



parameters diagnosed.

The next observational stage in fusion tokamaks is to look at the spectra produced
by heavy species introduced to the plasma. This is as a result of the plans to layer
heavy species into certain wall-tiles of the ITER reactor. There is a dual purpose
in this, firstly these heavy species are more temperature resistant that the carbon
based tiles that are used in existing reactors. Secondly these heavy species layers will
provide a means of detecting how eroded the walls are at any point. The idea is that
when the fusion plasma exposes the heavy species layers, they will be ejected into
the reactor. These species will then emit characteristic spectra which will be used
to alert the operators of the device to the progress of the wall erosion. Light species
could not be used for this because they would be fully ionised in the core and would
emit no spectral lines. In the build up to the ITER reactor there will be preparatory
observations of heavy species high series limits as well as the extremely detailed grass-
like spectra observed from the complex set of energy levels possible in such systems.
For meaningful intensity spectroscopy to be performed on these new observations, it
is necessary to develop a new atomic model. The later work presented in this thesis
seeks to do this. The high series hydrogenic population work developed here can be
used to account for the high lying populations in the heavy species and the basic
plans are laid out which will allow the lower levels to be dealt with consistently. The
basic methodology of intensity spectroscopy is adhered to, that is the atomic model
developed will be carried through to a final spectrum which can be compared with
observations to return diagnostic information on the heavy species emitters. Both
the high series and heavy atom modelling introduce some difficulties which need to
be dealt with. However, there is a corresponding return in the certainty and variety
of diagnosed plasma parameters using these new models.

There were a variety of physical processes that required attention in this thesis. These
included opacity, continuity of rates and populations from bound to free states, ob-
taining high quality line profiles for transitions near the series limit and dealing with
the rate expressions for high quantum shell populations to greater resolution than

has been done before. Before proceeding with a description of the basic theory used



throughout this thesis it is worthwhile stopping to overview each of these difficul-
ties that must be overcome, describing in broad terms the physical nature of each
problem.

Opacity refers to the process where photons travelling through a plasma do not escape,
but are re-absorbed within the plasma volume. This has the dual effect of altering the
emergent flux and adjusting the population distribution within the absorbing atoms.
Although the emergent flux is usually reduced, it is possible for opacity to increase
the flux in a given line if photo-absorptions in another line indirectly increase the
population density of the upper level of the transition in question. If the photons
escape without re-absorption occurring the plasma is said to be ‘optically thin’ in
that transition. If such re-absorptions do occur it is referred to as being ‘optically
thick’. Opacity in principle couples every point in the plasma together and we have
a non-linear and non-local problem to solve. The main approaches that have been
developed to model opacity are ‘radiative transfer’ and ‘escape factor’ techniques.
The technique of radiative transfer is a heavily computational approach to solving the
coupled equations of radiative transfer and statistical balance. It has been used to deal
with the effects of opacity on population structure, line profiles and emergent fluxes
for various plasmas such as stellar atmospheres (Carlson, 1986) and solar prominences
(Gouttebroze et al., 1993). The escape factor approach is a moderate optical depth
method where it is appropriate to treat the equation of radiative transfer in a linear
approximation. This approach has the advantage that it is easily integrated into
other models, and has been used to diagnose optical depths in the solar atmosphere
(Doyle & McWhirter, 1980, Brooks et al., 2000), to infer information on the structure
of the solar atmosphere (Fischbacher, et al., 2000) and to diagnose plasma densities
in fusion divertors (Behringer, 1998). See Irons (1979) for an overview of the basic
escape factor expressions and derivations.

In this thesis opacity is accounted for using the escape factor approach. As will be
seen, the approach is easily integrated into collisional-radiative models and emergent
flux calculations. Escape factors are usually applied to discrete, low series member
spectral lines (though not always, see Drawin (1970) for an example of escape factors

used to account for continuum opacity). This thesis extends this low level approach



to model opacity through high series members into the continuum. We show that the
effects of opacity continue smoothly from bound to free states in a similar manner
to Gaunt factors and Saha-Boltzmann deviation factors (b-factors). This allows the
usual low series member escape factor techniques to be extended to smoothly account
for opacity in high series members through to the continuum.

In order to correctly predict the high series spectrum we also need to accurately
model all the possible transition rates that can influence the high quantum shell
populations. That is, one must account for all the possible transition rates (i.e.
spontaneous, stimulated and collisional rates) that have an influence on the high
lying atomic states. The modelling of atomic population distributions has a long
history and is now at an advanced stage. The most successful technique in dealing
with population distributions has been that of collisional-radiative theory (Bates et
al., 1962) (see section 1.2.6 for a more complete description of the collisional-radiative
approach). In this thesis the advancements to existing collisional-radiative models are
performed within the framework of the Atomic Data and Analysis Structure (ADAS)
suite of computer codes (Summers, 2001). ADAS consists of an interconnected set of
computer codes and atomic data. The data represents the highest quality available,
covering most types of data needed for existing astrophysical and fusion calculations.
Standard ADAS data formats (referred to as ‘adf’ datafiles) are designed such that
the codes are general purpose and applicable to a wide range of atomic and ionic
systems. The codes are split into eight series with each series consisting of a set of
codes. For example, series three contains the codes for charge exchange modelling.
ADAS 311 then represents code eleven of series three. The codes are used to model the
radiative properties for wide range of plasma conditions. The routines are designed
such that they can solve for the populations in a number of ‘pictures’, whether in a
b-factor, b-factor with exponential term included or c-factor form. This eliminates
likely numerical inaccuracies and the computational techniques have been proven to
be both stable and fast. The codes are also able to interpret spectral measurements
and, within the series six set of codes, to generate synthetic spectra (referred to as
‘special features’). We find it convenient to define a heirarchy of spectral features

closely linked to population structure. If a set of lines in the special feature are



connected via pure branching line ratios they are referred to as ‘feature primitives’; if
the connection is via excited level population balance they are called ‘features’; if the
connection is via ionisation balance they are called ‘superfeatures’. It is shown later
how similar heirarchical ideas (section 4.1.1) in population structure lead to coherent
organisation of complex atom modelling.

The ADAS codes are accessed through an IDL graphical user interface. This allows
the user to specify which atomic system is to be investigated, what atomic data to
use, what plasma parameters the code has to be run for and what format the output
data and graphs are to be given in. This allows the user to immediately see the results
of the calculation, making it possible to explore the parameter space for the given
system. If there is no atomic data present for a given calculation it is possible to
generate the necessary data (often to a lower quality) using various ADAS routines.
For example ADAS 701 runs the autostructure code (Badnell, 1986), developed from
the superstructure code (Eissner et al., 1974); ADAS 801 runs the Cowan structure
code (Cowan, 1981) tailored to produce files of ADAS data format by O’Mullane;
ADAS 211 generates radiative recombination data using the Gaunt factors developed
in (Burgess & Summers, 1987). ADAS also contains a library of key subroutines that
can be called from the user’s own codes to assist in specific calculations.

This thesis contains a complete description of a model in progress that will form
part of the ADAS suite of codes. This model will accurately predict the population
structure of arbitrary heavy species and can be run in its present state to model
high level hydrogenic populations. A module of this code is used to predict the high
quantum shell populations needed for the spectral feature work of chapter 5.

The other main issue addressed in this thesis is the accurate modelling of high se-
ries line profiles. Historically, line profiles have been used to provide a wide range
of plasma diagnostic information. Any broadened spectral line contains information
on the physical process that contributed to the broadening. For example, doppler
half-widths can be used to diagnose a plasma ion temperature and profile shapes can
be used to infer the nature of the collisional broadening that produced the lineshape
(i.e. whether electron or ion broadening dominates). The calculation of line profiles,

in particular collisionally broadened line profiles, is a non-trivial problem with many
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physical processes potentially contributing to the broadening of such lines. The situ-
ation is further complicated for high series lines due to the relatively small amount of
high series observational data upon which to test the line profile calculations. Never-
theless, high quality line profile codes such as the PPP code (Talin et al., 1995), have
been developed and have proven themselves to be reliable and valid for a wide range
of plasma conditions.

Once all of these issues have been dealt with it is possible to combine the high series
line profiles which continue smoothly through to continuum wavelengths with high
level population results to generate a complete synthetic spectral feature at series
limit wavelengths for a wide range of plasma conditions.

The rest of this chapter consists of a brief step back from this final picture and
reviews the history of our approach to considering high series spectral prediction.
It is hoped that this will provide a useful overview of all the physical effects and
theoretical issues that have to be accounted for as well as showing the observations
that led to the construction of the final model. Thus the next section provides some
of the background theory that will be required, some of the theory is then developed
in section 1.3 in the context of various spectral obsevations, from solar through to
fusion plasmas.

Chapter 2 then goes into detail on the discrete low series spectral line opacity theory
and the code known as ADAS 214 that is used to evaluate opacity modifications to
both the emergent flux and atomic population structure of optically thick plasmas.
Chapter 3 describes the extension of this theory to high series and continuum fre-
quencies. Chapter 4 goes into the details of the high n-shell population model and
our future plans for this collisional-radiative work. Chapter 5 then brings this all
together and demonstrates the generation of an arbitrary high series spectral feature.
Finally chapter 6 summarises our main conclusions and outlines the future direction

of this work.
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1.2 Background theory

1.2.1 Escape factor basic definitions

It is first useful to introduce some basic theory which can then be used as the build-
ing blocks for the developments presented in later chapters. The terminology of
Fischbacher et al. (2000), and the notation of Irons (1979) are used throughout this
thesis. Thus the following definitions hold:

e Transmission factor [T] - The average probability that a photon within the line

profile will propagate from one given point to another.

e Escape Probability [O] - Defined identically to the transmission factor except
that the second point lies outside the plasma. That is, © is the average proba-
bility of a photon emitted within the line profile escaping from the plasma along

a particular line of sight.

e Escape Factor - The mean probability that a line photon emitted somewhere
in the plasma will escape from the plasma along any line of sight. The phrase
‘escape factor technique’ is also used in this thesis to describe the general tech-
nique of linearising the equation of radiative transfer for the evaluation of the

expressions defined here.

e Absorption factor [A] - one minus the probability that a net absorption of a
photon will occur at a particular point in a plasma. This is sometimes referred

to as the ‘Biberman-Holstein coeflicient’ or ‘net radiative bracket’.

Note that the only difference between these definitions and those of Irons is that
he defines the escape probability to be the mean probability of a photon emitted
at a point in a plasma escaping along any line of sight. This is the same as the
escape probability defined as above averaged over solid angle. It is felt that defining
the escape probability along one given line of sight is an expression more directly

applicable to actual observations.
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1.2.2 Escape probability and emergent flux

Considering the observed flux escaping from a plasma then the equation of radiative
transfer is used to model the variation of the radiation intensity (/) along a given line

of sight, denoted by the points along .

dI(v,1)
dl

=e(v,l) — a(v,)I(v,1) (1.1)
where

e £(v,l) is the emission coefficient defined as the number of photons emitted at

frequency v per unit time, per unit volume, per unit solid angle at position /.

e a(v,l) is the absorption coefficient, defined such that a(v, 1)I(v,1) is the number
of photons absorbed at frequency v per unit time, per unit volume, per unit

solid angle at position I.

e I(v,1) is the intensity of the radiation field at the point of interest (), defined as
the number of photons crossing a unit area, per unit time, per unit solid angle,

per unit frequency.

Also define the optical depth (7) of the plasma to be the absorption coefficient in-
tegrated along the line of sight. Thus the optical depth is given by the following

expression, with the simplified result for a constant absorption coefficient also shown.

W) = /Oba(zx,l)dl
= a(v)b (1.2)

This gives an indication of how far one can ‘see’ into the plasma. It should be noted
that equation (1.1) is non-linear because the emission coefficient (¢) at point [ depends
upon the upper level population density of the transition in question. This in turn
depends upon the number of photo-absorptions that can excite an electron into this
level, which depends upon the radiation field I at point /, thus making ¢ in principle

a function of I and thus equation (1.1) non-linear. Note that the emission coefficient
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Plasm

Figure 1.3: Diagram of the line of sight used in the escape probability formalism.

at [ in principle depends upon ¢ at all the other points in the plasma (due to the
dependence of the populations at [ upon the local radiation field and hence upon the
emission from elsewhere in the plasma) making the equation non-local as well. The
method employed throughout this thesis is to solve the equation of radiative transfer
by assuming that the emission coefficient is independent of the intensity term, thus
making equation (1.1) linear and allowing it to be solved using an integrating factor
approach. This assumption of linearity will be reasonable for plasmas which are not
significantly optically thick and thus do not have a large degree of spatial coupling.
Consider a line of sight through a plasma with the origin at the back face as in
figure 1.3. Consider first of all a purely absorbing plasma with a constant absorption
coefficient and with incident intensity (v, 0), the intensity observed at b will be given
by

1(,b) = I(,0)e" Jo o) (1.3)
If « is allowed to vary with respect to [ and the plasma can also emit along the line

of sight the emergent intensity will be

b Y14
I(v,b) = / e(v,l)e” Jy ettt gy + I(v,0)e” Jy atvira (1.4)
0

The emission and absorption coefficients are given by
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1
E(l/, l) = EAn/_man(l)e(l/,l) (15)
and
a(v,l) = BnwN,(D)8(v,1)
2 (n'\® 1
= — | — ] —A, 1.
Nn(l)87T (n) u,%,%A”*"Q(V’l) (1.6)
with

e A, _,, = the Einstein-A value for the spontaneous emission n' — n [s7]

N,» = Atomic population of level n' [cm™3]

N,, = Atomic population of level n [cm ™3]
e O(v) = emission profile which is assumed equal to the absorption profile [s]

e B, = Einstein-B value for photo-absorption n — n' [ecm?s 'sr—1]

To see the definition of the escape probability the line integrated emergent flux at b

is written as follows:

b ! 7
0 = | Vo e(w, 1)e= I O g 4 1(, 0)e o @ ”ldl] w

AVl b
fline f(;) E(V: l)e_ ‘flb a(nld dldy + fline I(V, 0)6_ fo a(u’l)dld]/
Jiine Jo €)dl + I (v, 0)dv

/l/ v)dl + I(v,0)dv
— O /l [ /0 ()dz+1(y,0)] dv

1
= ®n—>n’ l

b
ey n/ N, (1)dl
4 " Jo () +

line

I(v, O)du] (1.7)
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Thus the escape probability, ©, is defined as the ratio of the opacity modified escaping
flux to the optically thin escaping flux, with both fluxes evaluated as line integrated

values. That is,

b ! ! b
o . _ hine o, De” I e iy + fn, 10, 0)e” Jo 2004 gy
o fline f(? ‘S(V)dl + I(V, O)dV

This is our general escape probability expression from which we derive all further

(1.8)

results. In chapter 2 this expression is developed and evaluated for various plasma
geometries and line profiles and in chapter 3 it is extended to include continuum
frequencies.
The escape probability can be used as a parametric adjustment on the spontaneous
emission coefficient allowing the line integrated emergent flux of a discrete spectral
line transition, n — n’, to be written as

1

I=— ®n—>n’

A bN 1)dl
An n’—m/o n’() +

line

I(v, ())dy] (1.9)

1.2.3 Absorption factor and populations

Consider now the opacity effects from the perspective of atomic population modi-
fication. Writing out the spontaneous emission rate from level n' to n, and photo-
absorptions to n' from n we get the following expression for the net photo-emission

rate contribution to the statistical balance equations

|| ewnwavd@— [ [ an (v, Du(v, Ddvde (1.10)
Q Jiine Q Jline

where one considers emission from a volume element and photo-absorption to this
element, neglecting stimulated emission, and u(v,l) is the radiation density at [.
Assuming that the emission from the volume element is uniform in all directions and

integrating over the normalised emission profile, the net spontaneous emission rate is

Jo J om0 = [ s Dt el (111
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= fQ fline an—)n’(l/, l)u(l/, l)dVdQ
= /Q /line 8n’—>n(V7 l)dl/dQ [1 fQ fline En,_)n(y’ l)dde (112)

= Apow(D) /Q /l  ewon( dva (1.13)

That is

fQ fline A/ (V, l)u(l/, l)dl/dQ
fQ fline 577,’_)”(1/, l)dl/dQ
A, is referred to as the absorption factor, following the terminology of Fischbacher

Apr (l) =1 (1'14)

et al. (2000). It can be seen that A,_,, is one minus the total number of photo-
absorptions at r divided by the total number of spontaneous emissions at r. That is
Aysn (1) represents the probability of a photon not being absorbed at position [ in
the plasma.

It is interesting to consider the limiting case of a black body. In this case the radiation
density u(v) is given by the source function equivalent to £(v,1)/a(v,1). Also, if the
plasma is a black body throughout its volume then a(v,!) and €(v, ) are independent

of position. That is

= Tl )
n—n' - fQ fline 6nl—>n(y)d]/dQ
- (1.15)

Thus we have complete re-absorption of all emitted photons at any point [ as expected
from detailed balance under thermodynamic equilibrium conditions.

Note that for the absorption factor argument here we are considering absorption and
emission at a point in the plasma. It is no longer the escaping flux that is of inter-
est but the population modification at the point . The photo-absorption transition
rate can be absorbed into the spontaneous emission rate by including the absorp-
tion factor as a parametric adjustment. That is, photo-absorptions are included as
negative spontaneous emissions. In our collisional-radiative calculations this is eval-
uated by multiplying the Finstein A-value for each transition by its corresponding
absorption factor. Hence when one solves the statistical balance equations includ-

ing these absorption factors the opacity modified population structure is produced.
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The absorption factor expression of (1.14) is our starting expression for the opacity
modifications to population structure. It is developed in chapter 2 for various geome-
tries and line profiles. Chapter 3 then provides the extension of this expression to
continuum frequencies.

Thus we have two basic expressions, (1.8) and (1.14), which can be used to account

for the effects of opacity in an optically thick plasma.

1.2.4 Continuum opacity

There is of course a continuum equivalent to the discrete line opacity that we have
looked at. Here we consider photo-ionisations and recombinations rather than photo-
absorptions and spontaneous emissions. See Drawin (1970) for an example of contin-
uum absorption factors derived and used in practice (in his case to evaluate plasma
relaxation timescales). The continuum escape probability, which will also be referred
to as the bound-free escape probability, is derived below. Note the similarities with
the bound-bound expression.

The continuum integrated flux at b is written as

b 77!
I(b) = / l/ Ebf(]/’ l)e_ flb Otbf(V,l )dl dl + I(l/, O)e— f(:J abf(V,l)ldl dl/
contm 0

b ! ! b
Leontm fé’ eof (v, l)e‘f, v (WA g101, 4 Loontm I (v, 0)e” Jy avrvidl g,
fcontm f(;7 fbf(l/)dl + I(V, O)dl/

b
x /contm /0 evs (V)dl + I(v, 0)dv
b
- o, /mtm /0 ess (v)dl + I(v, 0)dv

1 b
_ G"l Arsm / N, (1)dl +
4 0

7

I(v, O)du] (1.16)

contm

Note that k represents the extension of bound states, n’, into the continuum via the
transformation n’ — ik. The bound-free emission and absorption coefficients are
taken from Menzel & Pekeris (1935). That is
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)y = 1 [Nef (0)bede] [Nevor]
= (V) = %[N,-f( Ybedo] [N va,.md Zi (1.17)
and
ap(v) = N, —fmff o (1.18)

where f(v) is the Maxwellian velocity distribution for free electrons, oy, is the target

area for free electron capture given by

24 eh 1 K

+ . 1s the bound-free oscillator strength and gﬁi is the bound-free Gaunt factor.

(1.19)

Jnn

Thus the escape probability ©, is defined as the ratio of the opacity modified escaping
flux to the optically thin escaping flux, with both fluxes evaluated as continuum

integrated fluxes. It follows that

bens(v, e =} ans ) dldv + I(v,0 e—f(f apf ()l g,
fcontm fO bf( ) ) contm ,
fo Leontm Ebf(V)dv + I(v,0)dl

Note that there is no subscript x on ©,, in the definition shown here. This is because

0, =

(1.20)

the escape probability is integrated over the whole set of continuum states x, thus
©,, represents the probability of a recombination photon, produced from an electron
anywhere in the continuum recombining to the state n, escaping along the chosen line
of sight. A more general expression that is not integrated over the whole continuum
is presented in chapter 3.

In a similar manner the absorption factor for bound-free transitions may be written

in its general form. The net ionisation rate is given by

/ / Eroon (v, ) ddS) — / / e (1, D) (v, 1) dvd©2 (1.21)
Q Jcontm Q Jcontm
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— fQ fcontm an—m(l/, l)u(l/, l)dVdQ
— /Q / . Exsn(V, 1)dvdQ [1 L Ddvd0 (1.22)

() /Q /wmmgm(u,z)dyd@ (1.23)

where the absorption and emission coefficients have the same definitions as in the
bound-free escape factor case. That is, the absorption factor for bound-free photo-

absorption is given by

1 _ fQ fcontm an—)n(yg l)u(l/, l)dl/dQ
fﬂ fcontm En—)n(y, l)dl/dQ

The similarity between equations (1.20), (1.24) and the bound-bound counterparts

Anse(l) = (1.24)

(1.8), (1.14) is clear. This similarity is shown formally in chapter 3 where the bound-
bound expressions are shown to analytically continue into the bound-free ones upon

application of the transformation n' — ix.

1.2.5 Line broadening

In practice it is found that the escape probability and absorption factor expressions
can be highly sensitive to the emitting and absorbing line profiles, see for example the
illustrations in Behringer (1998). For this reason, and in order to accurately compare
any theoretical spectrum (whether optically thin or thick) with that observed it is
necessary to model emission and absorption line profiles with a high degree of preci-
sion. This is especially true for the high series work presented in chapter 5 where the
theoretical electron broadened line widths are used as a density diagnostic. There
are many standard textbooks which give an overview of the basic theory behind line
broadening (see Griem, 1974, Griem, 1997, Sobelman et al., 1981 and chapter 13
of Bates, 1964). Most work in this area concentrates on the evaluation of pressure
broadening as it is the most complex and often the most important line broadening
mechanism. The next few sections will give a brief overview of the main broaden-
ing expressions, concentrating on a description of the physical processes behind each
mechanism. The following sections will lay out the background theory necessary to

put the line profile calculations of chapters 2, 3, 4 and 5 into context. There exists a



20

wide range of broadening mechanisms including Doppler broadening, natural broad-
ening, pressure broadening as well as instrumental effects which alter the observed
profile. The basic line profile expressions for each of these mechanisms are presented
along with any approximate expressions that are used in the later chapters.

In practice one usually assumes that the emission and absorption profiles are identical.
That is, in the time from photo-absorption to subsequent re-emission, there have
been sufficient collisions such that the direction of the emitted photon is not related
to that from which it was absorbed. Thus the emitted photon has been thermalised
and the resultant emission profile is governed by the same plasma properties that
lead to the absorption profile. This assumption is often referred to as complete
frequency redistribution (CRD) and is made throughout the rest of the thesis with
the possibility of different emission and absorption profiles being included at a future

date if necessary.

Temperature effects

The broadening due to the inherent thermal motion of the emitting or absorbing
atoms, provided their velocity distribution is Maxwellian with characteristic temper-

ature T, results in a line profile given by the normalised Doppler expression

o) = ——— _(VA_”UD)Z (1.25)
Y= ﬁAVDe '
where
Avp = L 2L (1.26)
Ly m

is the Doppler half width of the gaussian line profile.

Natural broadening

There exists a mechanism usually referred to as natural broadening, resulting from the
finite lifetime of the emitting atom in its excited state (as predicted by the Heisenberg

uncertainty principle, AEAt =~ h/27).
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Natural broadening exists independently of any external influences on the emitting
atom. It results in a profile known as Lorentzian with a width characterised by
Avy, = Aprn/27.

The profile expression is of the form

(AZ/L)2
(v —1)? + 4(Avg)?

This broadening mechanism is negligible when compared to pressure and doppler

O(v) =

(1.27)

broadening for the cases that are usually encountered in fusion and astrophysical

plasmas.

Density effects

For dense plasma conditions it is likely that both natural broadening and doppler
broadening will be negligible compared with the collisional broadening induced by
the charged particles of the plasma, interacting through the Stark effect. Neutral
broadening and the long range Van der Waals broadening will be neglected with only
broadening due to electrons and ions being considered in this work. The most general

expression for a Stark broadened line profile is

f(w) = %Re {/000 exp(iws)C(s)ds} (1.28)
where C(s) is referred to as the autocorrelation function of the light amplitude and
is evaluated from quantum mechanical knowledge of the perturber and emitter. The
complete treatment of such broadening is complicated by the fact that slow moving
perturbers interact with the emitter in a different way to the faster perturbers. Usu-
ally one of two limiting approximations is used to account for the broadening effects
of the charged perturbers. If the perturber is fast all the broadening collisions will be
statistically independent from each other and can be individually accounted for. This
is known as the ‘impact approximation’ (Lorentz, 1906) and leads to a Lorentzian
profile. If the perturber is very slow then it can be considered to be stationary from

the emitter’s point of view and the broadening effects of the resultant field due to all
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Figure 1.4: Range of validity of broadening approximations for Hq, taken from
Stamm et al. (1998).

the ‘stationary’ perturbers estimated; this is referred to as the ‘quasi-static approxi-
mation’ (Holtsmark, 1919).

Both ions and electrons broaden the lines through the Coulomb interaction between
themselves and the electrons in the emitting atom. Thus the only difference between
the broadening effects of the ions and electrons comes from their differing speed, with
the electrons typically having a much higher average thermal velocity than the ions.
Thus typically the electrons are treated in the impact and the ions in the quasi-static
approximation. It should be noted that reality does not always fall into either of
these two limiting approximations, but in the intermediate regime between the two.
In figure 1.4 an illustration of the boundaries of these two approximations for ions
and electrons is shown for some plasma conditions likely to occur in practice. The
arrows indicate the regimes for which the impact and quasi-static approximations are
valid. Note that the graph is only valid for Ha, but could in principle be evaluated

for any line.
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The impact approximation

As stated previously, the impact approximation assumes that collisions are statisti-
cally independent and thus the total broadening effect of the collisions can be evalu-
ated from the sum of each broadening collision.

In practice the impact approximation is usually valid for the treatment of electron
collisional broadening due to their fast thermal motion and thus the short timescale
of their collisions with the emitting atom. This broadening in isolation produces a
Lorentzian profile with characteristic half widths which are primarily functions of the
perturber density. Griem (1960) derives a simplified expression for a transition from
n' — n with an electron broadened half width given by

(1.29)

4% 10°TZ B4 nd
v =56x 10 SNY3Z-17-1/? lloglo <X7> — 0.125] norn

n!N1/2 n'2 — n2
Note that if Doppler broadening is also significant then the resultant profile would
be a convolution of a Lorentzian and Gaussian profile which is referred to as a Voigt

profile. Such profiles are often available as tables, e.g. Allen (1991).

The Quasi-static approximation

At the other extreme, it may be the case that the charged perturbers have negligible
motion during the lifetime of the emitting upper level. Under these circumstances
the effects of the perturbers can be best modelled as a field broadening the line. The
quasi-static approximation is usually applied as follows. The perturbers are assumed
to be stationary and one calculates the effect of the consequent static electric field on
the lines via the Stark effect. One then accounts for the statistical distribution of the
field by evaluating the probability distribution of the electric field. The Stark profiles
are then averaged over this distribution.

The probability distribution of the ion electric field is usually denoted by W (F)
with F = E/E, and Ey = e/r2, where rq is the mean distance between particles
in the plasma. This represents the probability that a certain electric field (E), due
to the presence of surrounding ions, will be experienced by the emitting atom and

is usually referred to as the ‘statistical microfield distribution function’. These have
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Figure 1.5: Ton-microfield plotted for plasma parameters as described in the text.

been widely evaluated in work such as that of Hooper (1966) and Hooper (1968). In
the ideal gas limit they reduce to the Holtsmark field (Holtsmark, 1919). Figure 1.5
shows a microfield distribution function for a plasma consisting of 99% D™ and 1%
DY at an electron temperature of 1eV and an electron density of 1 x 10'*cm 3. The
APEX code (Iglesias, Lebowitz & McGowan, 1983) is used throughout this thesis in
any microfield calculations. This routine is regarded as being highly accurate and is
widely used; see chapter 3 of Griem (1997) for more details on the use of this code.
It is not normally appropriate to model the effects of the electrons using this technique.
The ion collisions on the other hand are often modelled in this approximation. Their
slower velocities means that they often fall into the regime where their interactions
with the emitting atom are over long periods of time. In general a reasonable guide
in determining the balance between the two approaches is that that the quasi-static
approximation is valid if the linewidth is large compared with the inverse of a typical
collision time, and the impact approximation is valid if this value is small when
compared to the inverse of a typical collision time.

Note that in practice, one does not have only one broadening mechanism influencing
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the line profile. In dense plasmas one is likely to get influences from both the electrons

and the ions which must be simultaneously accounted for.

Accounting for both ion and electron collisional broadening

In practice it is common to take the following approach. The emitting atom is assumed
to lie in a constant electric field produced by the ‘stationary’ ions which produces a
Stark broadened set of lines. These lines are then further broadened by electron
collisions within the impact approximation. Finally the statistical distribution of the
ionic field is accounted for by averaging the broadened set of lines with the probability
distribution function of the ion field. Thus the electrons are accounted for using the
impact approximation and the ions via the quasi-static approximation. The quantum
mechanical form of this is shown below. One would then convolve the resulting profile
with the Doppler profile and instrumental function if appropriate.

This process is evaluated numerically in the Pim Pam Poum (PPP) code (Talin et al.,
1995, Talin et al., 1997). This code is well tested and provides an accurate evaluation
of Stark broadened profiles due to ion and electron perturbers. The code takes in
atomic data containing energy level information and spontaneous emission values as
well as the set of plasma parameters for which the profile is to be evaluated and
returns the emission coefficient for the transition of interest (i.e. =Ap—nNp8(v)).
The profile can be either normalised or not and the population density can be set to
the Saha-Boltzmann values or a pre-calculated population density distribution used.
Thus the PPP code, coupled with the ADAS collisional-radiative codes can provide
accurate line profiles with absolute intensities for a wide range of plasma conditions.
An example of a profile evaluated using the PPP code is shown in figure 1.6. The
9 — 2 Balmer series line is shown for the case where only the electron broadening and
then the ion plus electron broadening is considered. It can be seen that for these
plasma conditions, the electron broadening dominates the line shape, although the
ion broadening is still significant.

In the thesis work presented here a more approximate method which captures the
main behaviour of all the broadening mechanisms is also used. This fast, approximate

method is of use particularly in chapter 5 where a large number of hydrogen series
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Figure 1.6: Example of the hydrogen 9-2 Balmer series spectral line profile as eval-
uated by the PPP code for an electron density of 1 x 10*em™2 and an electron
temperature of 1 x 10*K.

profiles need to be evaluated and the accuracy of the very high series member is not
of primary importance. Griem (1960) derives a simplified algebraic expression for
evaluating ion and electron broadened profiles for hydrogen, with the ions treated
in the quasi-static and the electrons in the impact approximation. The same basic
expression is also given in Sobelman et al. (1981). The expressions are designed to be
quick to apply, using look-up tables which cover a reasonable range of electron and
ion broadening half widths. The basic expression used is

1 1

I'= fOKm,T(ﬁ,v) (1.30)

T(B,7) is found from the look-up tables, v (the half width due to electron broaden-
ing) is evaluated from equation (1.29), Fy = 2.61eN3 is the Holtsmark normal field
strength, Koy = 5.5 x 107525020 3 — 4/K,.. with a = A)\/F.

n'2_np2

In evaluating this approximate expression an extension was made to make it more
robust. As one progresses up a given series, electron broadening dominates, and the

profiles tend towards Lorentzian profiles with their half-widths determined purely
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by the electron broadening expression. Thus for values of 3 that fall outside Griem’s
table, it was assumed that electron broadening dominated and a Lorentzian expression
was used with a half-width given by ~. This is not always a valid approximation. For
example if the ion broadening is still significant then the calculated line will not be
as broad as it would in reality. As is shown in chapter 5, Griem’s expression prove
to be valid for many of the plasma conditions that are investigated in this thesis; see
section 5.2.3 for more details.

Thus the preferred method for profile calculation in this thesis has been as follows.
For simplified conditions, where Doppler or simple Lorentzian profiles are valid, no
complex profile calculations are done. For conditions where significant Stark broad-
ening occurs in both the ions and electrons, the PPP code is used, especially for lines
that are to be used for diagnostic purposes. In chapter 5 very high hydrogen series
member profiles must be evaluated. The approximate expression is used under such

circumstances to supplement the PPP results for the low series member lines.

Optical thickness effects

It is also possible for opacity to modify a given observed line profile. On travel-
ling through a plasma it is more likely that line centre photons will be absorbed as
compared to those in the line wings. This can be seen from equation (1.8) for the
absorption factor, where « is significantly higher at line centre as compared with the
line wings. Thus the profile that finally emerges from the body of the plasma could
have reduced intensity at the line centre, leading either to a line flattening or even a
line inversion. See figure 1.7 for examples of this evaluated using ADAS 214 for the

case of a parabolic density distribution within a cylindrical plasma.

1.2.6 Population modelling

The simplifying assumptions commonly made when modelling plasma atomic popu-
lations can best be understood upon consideration of the various atomic and plasma
lifetimes. These lifetimes allow one to calculate an ‘equilibrium time constant’ de-

scribing the time taken for each plasma constituent to relax to its equilibrium state.
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Figure 1.7: Examples of opacity modified line profiles evaluated using ADAS 214. The top profile
is the optically thin one. The next lower one is the moderately thick case, note that its top is
flattened. The lowest case is the optically thick case, note that its centre is inverted.

The relative values of these time constants determines the optimal atomic modelling
approach. Define 7pjq5m4 such that it describes the dynamical timescale of the plasma,
that is the timescale upon which the typical plasma parameters vary (or often in the
case of laboratory plasmas, the timescales for which the plasma exists). Tpasma also
describes the typical timescale for plasma particles to cross temperature and density
scale lengths. Comparing the time constant for each plasma process with 74smeq gives
an indication of whether that process has time to equilibriate before the plasma con-
ditions vary. Due to typical plasma confinement times 7,45mq is of the order of one
second for the core plasma of a fusion tokamak and as low as 10ms for the divertor
plasma. One can also define certain ‘extrinsic’ time constants, such as 7._., giving the
time for electron-electron collisions to thermalise the free electrons, 7;_; describing the
equivalent ion-ion equipartition and 7;_. for ion-electron equilibration (i.e. the time
for the electron and ion distributions to reach the same characteristic temperature).
Define 7;,, such that it describes the ionisation relaxation timescale for the plasma.
There also exist certain ‘intrinsic’ time constants describing states within the atomic
system under consideration. 7, gives the relaxation time for the metastable states,
T, for the ordinary excited states and 7, for the auto-ionising states.

Before looking at typical values for each of these time constants, consider the case
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where all of the intrinsic and extrinsic time constants are much less that 7pasma, the
plasma is in isolation and there is no escaping radiation field. In this case the plasma
is said to be in ‘thermodynamic equilibrium’ (TE) and each process is balanced by
its inverse (referred to as the ‘principle of detailed balance’). Under such conditions,
the free plasma particles (electrons, ions etc) have Maxwellian velocity distributions

characterised by the same temperature, described by

3
m 2 2
—4 —(mv*)/(2kT) {,2 1.31
) " (27rkT) ‘ v (1.31)
The plasma internal radiation field is that of a black body and given by the Planck
function:
_8mhv e
u(v) = =3 (eM/*T —1) (1.32)

and the bound states of the atoms and ions have Boltzmann distributions, such that

the ratio of population densities of bound states ¢ and j is given by

Ni _ @i )y (1.33)
N]' Wi

where w; and w; are the statistical weight of levels ¢ and j. The absolute populations

of level 7 are given by the Saha-Boltzmann equation

N, = N_.N h % Wi (L)/(kT) (1.34)
! e\ 2mmkT ) 2w, '

where w,; and IV, are the parent statistical weights and populations densities of the
parent system. The TE assumption enabled some degree of analysis to be performed
on certain plasmas. For instance the fact that the sun’s photosphere is approximately
black body and emits a characteristic Planckian spectrum was used to determine that
the photosphere has a temperature of ~ 6, 000K .

Most plasmas have an escaping radiation field which acts to move the plasma away
from conditions of TE. If all intrinsic and extrinsic time constants are much less that
Tplasma the collisions are efficient enough to overcome the population losses due to

radiative decay, this is referred to as ‘local thermodynamic equilibrium’ (LTE). In
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this case the TE equations hold for the free and bound particles, but the radiation
field is that of a diluted black body. All systems will have a critical density above
which collisions dominate over spontaneous emission losses. Spontaneous emission
coefficients typically scale as ~ 1/n'° (n' being the upper quantum shell), while elec-
tron collisional cross section scale as ~ 1/n'>. Thus as one moves to higher quantum
shells, LTE conditions becomes more valid.

If collisions are not able to compensate for radiation lossed the plasma is in ‘non-local
thermodynamic equilibrium’ (NLTE). For most plasmas 7,_, < 7, < 7;,, and for many
plasma conditions (including fusion tokamaks) Tpiasma ~ Tion ~ Tm- In these condi-
tions the free electrons have time to collisionally thermalise and form a Maxwellian
velocity distribution. The excited states vary on a much quicker timescale that the
metastables and can be considered to be in quasi-static equilibrium with them. The
metastables thermalise on similar timescales to the plasma dynamics, as does the
ionisation balance. So both the metastables and ionisation balance must be solved
for dynamically within the context of plasma transport and ionisation balance codes.
The excited state populations can then be evaluated with respect to the metastable
populations. In solving for the excited state populations one must account for all the
possible transitions between excited states as well as transitions to the metastables of
the same and adjacent ionisation stages. This is referred to as the ‘principle of statis-
tical balance’. All the rates can be assembled into a system of equations describing
the ways in which each atomic state can be populated and depoulated. This approach
is referred to as the ‘collisional-radiative’ (C-R) approach, developed by Bates et al.
(1962) and generalised by Summers & Hooper (1983) to account for metastables.
Consider an atomic energy level ¢ and assemble all the collisional, radiative and
induced rates that can populate or depopulate it. The sum of all these rates equals
the rate of change of the population density in that level. The general form of the

statistical balance equations is as follows

Z [Az"—n' + u(v) By idv + Neqi(’eii + Neqi(’pl)i Ny

line
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+ D [/l w(v)Byridv + Nog', + Neng,’,’)_)i] Ny

i <4

+ NN+ NN, o + NN, / w(V) Byyidr

+ Z |:AZ'_)Z'II + U(V)Bi_n'll dv + Neqi(ii” + Nengp)iu]

ir<i line

/l. U,(I/)Bi_n'ldl/ + Neq,EE)i/ + Neqz(gi’]

) dN;
+ /U(V)Biﬁnd’{: + Nqu(—)w + Ne%@g] N; + W (135)

e A;_,; - spontaneous emission from ' — 4
e u(v)Bj_,; - stimulated emission from i’ — i
e u(v)B;_» - photo-absorption from 7' — i

. Nqu,eln- - electron collisonal de-excitation from ¢ — %

. Nqu,pl)i - proton collisonal de-excitation from ' — i

e N.q*), - electron collisional excitation from i —
. Nqui, - proton collisional excitation from i — '

e [u(v)B;_.dk - photo-ionisation from ¢

° Nqui)s - electron collisional ionisation from 3

° Neqz@s - proton collisional ionisation from %
. N6N+ozzm - radiative recombination to %
o N2N,o!¥ - three body recombination to i

]

e N.N, [u(v)B.idk - stimulated recombination to i
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A set of such equations can be assembled with one equation for each atomic energy
level, ¢, that exists. It is the simultaneous solution of this set of equations that pro-
duces the atomic population structure. Because the excited state population values
are in equilibrium with the metastable populations their dV;/dt terms can be set to
Zero.

One can write this set of equations in matrix notation indexed by i and j. Matrix
elements such as C;; are made up from equation (1.35) and describe all the processes

by which level 7 can be populated from level j, written formally as

Ciji=Ais; + Ne%@)j + Npqgj + ... (1.36)

The diagonal elements, such as Cj;, are the total loss rates from level i, given by

—Cy = Z Cji + Nqus (1.37)
J#
Denoting metastable levels with greek subscripts, using the usual summation notation

one has the following rate equation for level p of ionisation stage (z)

dN(?
dt
and for excited state 7 one has

= CpoN? + CpiN? + Cpp, NEHY + O, NED (1.38)

pPo+-"o4

0= CigN& + CyiN\? + Cip, NEV + Cjp NV (1.39)

where o and o, denote metastables of adjacent ionisation stages. The resulting set
of equations are assembled into the collisional-radiative matrix and solved by matrix
inversion for the excited state populations with respect to the metastables (which are
assumed known from dynamical ionisation balance). For computational simplifica-
tion the C-R matrix equation is conventionally solved using scaled temperatures and
densities

kT, 1
P

e

= 1.40
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kT, 1
t, = r 1.41
5 7 magy N,
Pe=215o—=— (1.42)

3 ad Z
with similar definitions for the ion temperatures and densities. The population solu-
tion is expressed as deviation factors (referred to as ‘b-factors’) from Saha-Boltzmann

values, defined via

3
h? 2w
N; = N, N, L eli/kTy, 1.43

’ * (27kaT) 2w+e (1.43)

Solving the equations for the b-factors provides a solution that is more easily in-
terpreted (i.e. in ‘LTE-space’) and leads to cancellations which make the system
numerically more stable. The equations can also be solved for c-factors (= b — 1),

or eli/kTe

b; factors. The choice of the ‘picture’ of the solution is determined by that
which provides the most numerically stable solution. For example for very low 7T, the
b; values can be very close to zero for the excited states and lead to numerical errors,

whereas a solution in terms of e’i/k7¢p, is much more stable.

Coupling schemes

In this work, a general population approach is developed which is valid for all ions,
that is, of both light and heavy species in arbitrarily highly ionised systems. Thus
energy level structures have to be dealt with which range from L-S terms (Russell-
Saunders coupling) for light and near neutral systems to intermediate coupled levels
for medium weight and fairly ionised systems (z < 40) to j-j coupled heavy, very
highly ionised systems.

Although the existing light element coupling scheme, where a bundled-nS or bundled-
nlSL electron sits on top of an L-S coupled core, provides the necessary precision for
spectroscopic analysis of typical light element spectra, it encounters problems when
extended to the sytems that are dealt with in this thesis. For heavy species the

relativistic splitting of terms into fine structure levels becomes significant and the
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resulting breakdown in L-S coupling, along with significant configuration interaction,
means that the fine structure low lying level populations can no longer be assumed
to be statistical and must be treated individually. This is reflected spectroscopically,
where a J-resolved energy level picture is usually used for analysis of medium/heavy
species. Also, the picture of a bundled-nS electron built on top of a metastable
parent can no longer be sustained for highly excited populations. For such electrons,
relativistic interaction dominates over electrostatic leading to spin system breakdown
and it is more appropriate to model a weakly coupled nl electron built on a L-S
coupled or intermediate coupling J core. This system is sometimes referred to as j-1
coupled’. It should also be recognised that there is normally a change of the most
appropriate coupling scheme as one passes from low levels to highly excited levels.
Thus for the model presented in chapter 4 the following bundling regimes are defined,
with each merging smoothly into the next as the levels become statistically populated

and can be bundled over.
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n<ng : Nyrp

no <n<my  Niyym,dp)nijs

e <n<ny i Nyym)ni

ng <n<n3 : Neym,g)nl

ng<n<ns : Nepryin (1.44)

For n < ng, the valence electron is in the core configuration and the multielectron
states are in the form «n.J, where 7 is the configuration, = the parity and J the
total angular momentum. For the rest of the bundling regimes one has an nl electron
built upon a J-coupled parent state (y,m,J,) (henceforth referred to as the ‘bundle-
(Jp)nl’ model). For ng < n < ny the J levels are treated individually, at n; they
are effectively degenerate and statistically populated relative to each other and can
be bundled together. Similarly at no the j-states are effectively degenerate and sta-
tistically relatively populated and can be bundled over and at ns the l-states can
be bundled over. Determining the point at which the collisional redistributive rates
overcome the radiative decay rates allows the bundling cut-offs (i.e. ng — n4) to be
evaluated. Work is presented in chapter 4 outlining a scheme by which these cut-offs
can be detected automatically and used in the assembly of the appropriate collisional-
radiative matrix - note that the increase in size of the working matrices necessary for
this scheme is still within the capacity of modern workstations. The set of coupled
models shown here marks a significant improvement over the existing scheme for light
elements.

With the range of coupling schemes used in this new model it is necessary to define
appropriate transformations between systems. Thus rates must be evaluated for cross-
coupling transitions as well as for transitions within the new bundle-(J,)nl model. As
most rate expressions contain their angular components within Gaunt factors, this
leads to a need to derive Gaunt factors which deal with all the possible initial and
final states of this new scheme. This has been done and the results summarised in

table 4.1, with the details given in appendix A.
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A progression of coupling schemes is used throughout this thesis. Chapters 1 and 2
examine opacity in light elements (C 11 in section 1.3.1 then generic light elements
for the opacity work of chapter 2) using the existing ADAS light element coupling
scheme. With the extension of the opacity work to high lying hydrogenic populations
in chapters 3 and 5, a coupling scheme where an nl electron sits on a bare nucleus is
used. This leads on to the high level heavy species work of chapter 4 where the full
bundle-(J,)nl model is used. Note that the code developed in chapter 4 is not the
final heavy species one, but the hydrogenic module which will form the high quantum
shell component of the final code. The concept of an excited hydrogenic electron
coupled to a J-resolved core is a valid approximation for the highly excited states of
heavy species, and provides a module that we can test against existing hydrogenic

light element codes.

1.3 Examples of opacity and spectral series in as-

trophysical and laboratory plasmas

1.3.1 The solar atmosphere : branching line ratios as a diag-

nostic for deducing optical depth

Escape probabilities have often been used to diagnose optical depths (Jordan, 1967;
Doyle & McWhirter, 1980; Keenan & Kingston, 1986; Kastner, 1999). As a demon-
stration of this technique consider an example taken from the study of Brooks et al.
(2000). Observations were carried out on September 7th, 1996 using the SUMER
(Wilhelm et al., 1995) instrument onboard the SOHO (SOlar and Heliospheric Ob-
servatory) spacecraft. The observations consisted of 18 cross-limb scans (in 1.9 arc
sec steps) of the wavelength region surrounding various multiplets. We present the
results for the C 11 2522p 2P - 252p® 2S (1036 A) multiplet, see figure 1.8. The objec-
tive was to diagnose opacities from branching line ratio observations from the solar
limb. This follows on from Doyle & McWhirter (1980) who performed a similar study
on the C 111 252p 3P - 2p? 3P (1175A) multiplet.
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Figure 1.8: Spectrum of the CII multiplet used in the branching ratio study. The large line on the
left hand side is a strong Oxygen line

In scanning across the limb of the sun, the geometrical thickness of the line of sight
increases. Opacity effects in thick lines means that their fluxes will vary differently
from those of the thin lines. The ratio of such lines allows the effects of opacity to be
isolated.

Using equation (1.9) we see that the ratio of two spectral line intensities can be

written as

b

In’2—>n2 . Gn’z—mQ An’z—mz fo Nn’zdl
- b

In’l—ml ®n’1—>n1 An’1—>n1 fO Nn’ldl

(1.45)

where n; and n) represent the lower and upper level indices respectively of line 1.
Similarly ny and ni, represent the lower and upper level indices respectively of line 2.
If the lines originate from the same upper level then n} = ny = n' thus Ny = Ny, =
N,. That is,

In’2—>n2 . (-)n'—ﬂlz An’—)nz

(1.46)

In’l—ml ®n’—>n1 An’—ml

Thus observations of the ratio of two lines emitted from a common upper level,
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Cu 2s2p? QS% in our case, eliminates the dependence on the upper level population
densities and isolates the opacity influence on the line ratio. Since the A-values are
known, an observation of the intensity ratio leads to a deduced escape probability
ratio, which in turn leads to an optical depth determination. The optical depth at

line centre, taken from Mitchell & Zemansky (1961), is given by

0O = Oj(l/())b

[M
= 1.16 x 107 T/\O Fur—snNib (1.47)

where

T; is the ion temperature [K].

M is the atomic mass number of the absorbing atoms [a.m.u.].

vy is the central frequency of the transition of interest [Hz].

Ao is the central wavelength of the transition of interest [cm)].

N, is the number density of the lower level of the transition [cm —3].
frr—n is the absorption oscillator strength [dimensionless].

b is the physical thickness of the plasma along the line of sight [cm].

Thus the ratio of two optical depths corresponding to lines which arise from the same

upper level, n’, is given by

Tonion’ _ Ao,ny -/ fO,n1%’n’ Np, (1.48)

T0,ne—n' )\O,nz—YrL’ fO,nz—)n’ N,
As the C 11 lines are close together, the ratio of the central wavelengths is close to unity
and the 7 ratio is controlled by the ratio of the two oscillator strengths and lower
level populations, which are statistically populated. An optically thin population
calculation using ADAS was done to verify this. It was found that the lower ground
term relative populations were very close to statistical and insensitive to plasma
conditions or finite optical depths. The following layer averaged escape probability
expression (referred to as ‘g(7)’) was developed for an infinite plane parallel slab of

homogeneous density
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Figure 1.9: Plot of the C11 I(3 — 1)/I(1 — 1) line ratio . The solid line shows the optically thin
flux ratio. The error bars reflect the uncertainty in the fitting of the two fluxes.
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Thus the method of analysis was as follows: Using equation (1.46) the ratio of the
two escape probabilities was deduced from the intensity ratio observation. Then using
expression (1.49) the corresponding optical depth (apAx) in one of the transitions was
evaluated numerically. Equation (1.48) was then used to deduce the optical depth in
the other line and this was extrapolated to infer the optical depths of all other C 11
transitions.

In order to measure the line integrated spectral flux in each of the C 11 lines we used
the fitting procedure ADAS 602 (Summers, 2001). This fitting routine performs a
maximum likelihood fit of Gaussian profiles to an observed spectrum and produces
integrated fluxes, central wavelength positions with associated error estimates. The
resultant flux ratio plot is shown in figure 1.9 - note that the straight line in this figure
shows the theoretical optically thin ratio, given by the ratio of the two A-values. The
displayed errors are given by the square root of the sum of the squares in the errors
in the fluxes for each line.

The ratio I(3 — 3)/I(3 — ) deviates significantly from its optically thin value on disc

and at the limb (& 959 arc sec), returning to its thin value above the limb. Neither
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Pos.(") | g3j2—172 Togja—1/2 || Pos.(") | G3j2—172  To3/2-1/2
943.06 | 0.31 5.30 959.94 | 0.18 10.2
944.94 | 0.31 9.25 961.88 | 0.28 6.00
946.81 | 0.32 4.95 963.75 | 0.46 2.82
948.69 | 0.29 5.70 965.63 | 0.88 0.36
950.56 | 0.27 6.23 967.50 | 0.88 0.36
952.44 | 0.28 6.00 969.38 | - -

954.31 | 0.26 6.70 971.25 | - -

956.19 | 0.29 5.80 973.13 | - -

958.06 | 0.27 6.20 975.00 | - -

Table 1.1: Summary of the data for the C 11 25*2p 2P; )5 — 252p® 25 /5 transition for each raster
scan position.

line shows much limb brightening, indicating that they are both optically thick on
disc. The (3/2 —1/2) line is expected to be more sensitive to changes in opacity as
it has a greater oscillator strength and statistical weight and therefore an increased
optical depth. On disc and at the limb this line experiences a bigger reduction in
intensity and the intensity ratio is lower than its optically thin value. Above the limb
the density of the plasma falls off and the fluxes (and hence the line ratios) should
return to their optically thin values. This appears to be the case here, but further
study indicates that scattered light, or unresolved fine structures beyond the limb,
modifies this simple conclusion (Fischbacher, 2001). Using the method described
above the optical depths in the (3/2 — 1/2) line were evaluated at each scan position
and are shown in table 1.1. In Brooks et al. (2000) the optical depths are extrapolated
to classify the transitions in different C 1I lines and a similar study is also performed
on other carbon multiplets.

This technique of determining the optical depths in all the lines of one ion from a
single branching line ratio has provided us with a powerful characterisation of lines
which are optically thin, and hence suitable for Differential Emission Measure (DEM)
analysis. Alternatively, escape probabilities can be used to adjust observed intensities

of optically thick lines, allowing them to be used in such a study. Thus it is possible
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to diagnose optical depths in a moderately optically thick plasma from branching line

ratio observations using escape probability techniques.

1.3.2 Low hydrogen series member opacity : Fusion divertor

plasma

Consider next the case of hydrogen opacity in the fusion tokamak divertor region.
The divertor (see figure 1.10) is situated below a null point in the tokamak poloidal
magnetic field such that plasma impurities entering the scrape-off layer flow unim-
peded to the target plates and are filtered out from the main body of the plasma. The
plasma impurities and spent fuel experience collisions and possibly radiative cooling
upon entry into the divertor reducing their energies and momenta. Thus when they
encounter the divertor target plate strike points they are less effective in sputtering
material back into the plasma core. The reverse flow in the divertor assists in con-
straining any ejected material and returning it towards the divertor, allowing it to be
extracted by the cryopump. The divertor region is a low temperature (~ 1 x 10*K),
high density (= 1 x 10"¢m ?) plasma where the electrons and ions may recombine
and a high concentration of neutrals are present. The neutral presence is maintained
by the recycling of hydrogen on the walls and by direct gas puffing into the divertor.
Under these conditions and effective plasma dimensions, one might expect the lowest
hydrogen Lyman lines to become optically thick, although the Balmer lines would
certainly remain thin. Opacity in the Lg line has been observed in ASDEX-upgrade
(Behringer, 1997) and in the JET divertor (Lachin, 1997). In JET it was found that
there was significant line absorption in L, but that it did not affect the ionisation
balance or power loss. Wan et al (1995) used an escape factor approach to predict
the effects of L, absorption in projected ITER conditions, finding that opacity will
have to be included in ionisation balance and power loss calculations.

The optically thin branching line ratio of Lg/H, from equation (1.46) is 0.79. Ob-
servations taken from Behringer (1998) on the ASDEX-upgrade measured it to be
about 4.0, indicating Lg opacity. An escape probability and absorption factor code
has been developed by Behringer and translated into the ADAS code, ADAS 214. See
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Figure 1.10: Schematic of JET tokamak divertor region showing the target plates and cryopump.

the code and theory description as given in Behringer (1998) and the description in
chapter 2. The following example is taken from the Behringer’s report and provides
a useful illustration of the generic (i.e. scalable) application of absorption factors to
account for opacity modifications to atomic population structure. The code was run
for hydrogen emission in the divertor region with the following options: a voigt line
profile was chosen with the Lorentz half width being 0.14 times the doppler half width
(see Behringer (1998) for justification of this choice). A gas temperature of 23,010
K and an electron temperature of 11,605 K were selected. A cylindrical plasma ge-
ometry was chosen with an aspect ratio of 5. The effective length of the plasma was
chosen to be 7.5 cm and the column density (=length x plasma density) varied from
2 x 10" em™2 to 1.2 x 10'® em™2. A parabolic decrease in the upper level density
distribution was selected and the line ratios predicted. The results of the code are
shown in figures 1.11 and 1.12.

In figure 1.11 the absorption factors evaluated at a column density of 1 x 10** e¢m ™2
are shown. The y-axis gives the absorption factor value while the x-axis shows the

optical depth calculated for the various transitions. Note that the absorption factor
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TITLE : HYDROGEN ABSORPTION FACTOR PLO

ADAS : ADAS RELEASE: ADAS98 V2.4 PROGRAM: ADAS214 V1.4 DATE: 21/06/00 TIME: 11:38
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Figure 1.11: Absorption factor results for hydrogen from Behringer (1998) reproduced using ADAS
214. The index numbers labelling the vertical lines correspond to the principal quantum shell of the
upper and lower states.
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TITLE : HYDROGEN ABSORPTION FACTOR PLO
ADAS : ADAS RELEASE: ADAS98 V2.4 PROGRAM: ADAS214 V1.4 DATE: 21/06/00 TIME: 11:38
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Figure 1.12: Opacity modified line ratio results from ADAS 214 for divertor conditions.
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curve is represented by the solid line and the escape probability curve by the dotted
line. A vertical line is drawn for the first few Lyman and Balmer transitions, and
where these lines cut the absorption factor curve one can read off the absorption
factor for that transition. All the Balmer lines have negligible absorption factors and
escape probabilities, while the Lyman lines are moderately thick.

Figure 1.12 shows the predicted intensity line ratio of Lz/H, as a function of column
density. Optically thick population densities are used in this calculation by modifying
the spontaneous emission coefficients in the collisional-radiative subroutine of ADAS
214 by the appropriate absorption factors. The escaping flux for each line is then
modified by that line’s escape probability and the optically thick line ratio found. It
can be seen that the column density corresponding to the observed Lg/H, line ratio
of 4.0 is approximately 7.5 x 10'* ¢m~2, which implies a neutral hydrogen density of
1.0 x 10'* em™3, broadly consistent with divertor conditions.

Using absorption factor techniques such as the one outlined here, opacity adjustments

to moderately optically thick plasma population densities can be found.

1.3.3 High hydrogen series member opacity: Solar promi-
nence Lyman lines, Lyman continuum and Balmer line

radiation

Spectral observations of solar prominences show that they are optically thick in all
Lyman lines through to the Lyman continuum. Figure 1.13 gives an Ha image of
a prominence and figure 1.14 an example of an optically thick Lyman series limit
spectrum.

Solar prominences are large, dense, cool structures in the solar atmosphere, immersed
in a background radiation field from the solar photosphere and chromosphere. Re-
views can be found in Hirayama (1985), Zirker (1988), Preist (1989) and Tandberg-
Hanssen (1995). See table 1.2 for typical physical values. They are stable on a
timescale of weeks until they often erupt from the solar atmosphere. They are some-
times associated with Coronal Mass Ejections (CME’s), though the nature of the

association is unclear. There is much interest in solar prominences at the moment,
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Figure 1.13: Solar prominence Ha observation taken by the janitor of the Big Bear Solar obser-
vatory in 1970. Note the various characteristic prominence components, i.e. a large body of plasma
suspended in the corona with a few footpoints rooted in the photosphere. On close inspection the
vertical fillamentary internal structure of the prominence can be seen.

Prominence March 23 1999
.08 T B B B B

0.06 — -

0.04 —

I (W/mxx2/ster/A/s)

0.02

000t v v v v v v r v i Y AR LY ‘ ‘
900 910 920 930 940 950
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Figure 1.14: Lyman series limit observation of a solar prominence, taken from the data in
Schmieder et al. (1999b). Note the merging of the high series lines into the continuum. Com-
pare the heights of the last few observable lines with the gain in line heights as one progresses down
the series. The small increase indicates that the lines are not reflecting optically thin conditions
with Boltzmann upper level densities, but are being significantly reabsorbed.
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Quantity typical values
Electron density 5x 101 —1 x 10 em =3
Electron pressure 0.1 dyn cm™2
Temperature 7,000K
Gas pressure 3 —6 dyn cm™?
Hydrogen density 3 x 10 em™3
Size 100, 000 — 600, 000km long
5,000 — 10, 000km thick
50, 000km high
Ionisation degree of hydrogen 0.07

Table 1.2: Summary table of typical prominence physical properties.

in particular in explaining their support mechanism in the solar atmosphere and the
trigger for their abrupt eruption, see Schmieder et al. (1998), Schmieder et al. (1999a),
Schmieder et al. (1999b), Schmieder et al. (2000), Stellmacher & Wiehr (1994).

The optical thickness of the Lyman series is easily seen from an estimate of photon
mean free paths (given by the reciprocal of the absorption coefficient), compare the
mean free paths of table 1.3 with typical prominence dimensions. The Lyman series
photons are heavily absorbed, with a mean free path of less than a centimeter, while
the Balmer series photons have mean free paths of the same order as the dimension
of the prominence. A consequence of this heavy absorption is the unusual energy
balance for prominences, first found by Poland and Anzer (1971). It is likely that the
main energy gain is due to Lyman continuum absorption, and that the main losses
are due to Ha emission. Photo-absorption of Lyman lines is the dominant process in
populating the excited states of the prominence hydrogen atoms. Similarly absorption
of the Lyman continuum drives the ionisation balance of both hydrogen and helium
atoms in the plasma.

The presence of opacity in all Lyman lines through to and including the continuum led
to the development of the analytically continuous escape probability and absorption
factor expressions shown in chapter 3. These expressions allow opacity to be dealt

with as series limit lines merge together and blend into the continuum, thus providing
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Transition | mean free path (m)
2-1 1.41 x 10 2m
3-1 8.82 x 10~ %m
4-1 0.25 x 10%m
5-1 0.54 x 10%m
3-2 9.42 x 10*m
4-2 6.84 x 10°m
5-2 2.04 x 10°m
4-3 2.56 x 10°m
5-3 2.09 x 10%m
5-4 1.62 x 10°m

Table 1.3: Summary table of typical mean free paths of hydrogen photons in a solar prominence.

a means of analysing spectra such as the one shown in figure 1.14. However, the large
optical depths of prominences puts them into a regime where a radiative transfer
approach is more appropriate. There already exist low series member prominence
radiative transfer codes (Heasley & Mihalas, 1976 and Gouttebroze et al., 1993).
It has been demonstrated that a radiative transfer approach which allows for partial
frequency redistribution (PRD) is necessary to match the observed low series member
line profiles and to properly account for population modification (Gouttebroze et al.,
1993). It may be possible to construct a valid high series escape factor code, as the
higher populations will be close to Boltzmann values so the coupling of the equations
(1.1) and (1.35) is not an issue. Also, partial frequency redistribution, which must be
accounted for in the low series members, becomes less significant as one progresses
up a series and complete frequency redistribution (CRD) can be assumed. It was
decided that no diagnostic advantage would be achieved from developing such a code
and that the code of chapter 3 should be retained for plasmas with more moderate
optical depths.

The prominence observations raise one final issue. That is, there are plasmas for
which the influence of a background radiation field on our escape and absorption

factor expressions should be included. Normally the background radiation field term
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in equation (1.8) and the background radiation field contribution to u(v) in equation
(1.14) are set to zero. It proves fairly straightforward to include such a background
field in the theory development for the escape probability and absorption factor ex-
pressions. This was done and the initial steps in developing a corresponding code

were performed, see section 2.10.

1.3.4 High series observations : Fusion divertor plasma

Although series limit prominence observations could not be modelled, there existed
a need to interpret similar fusion divertor spectra. These types of series limit spectra
were first analysed by Inglis & Teller (1939), where the smooth merging of high series
lines into the continuum was shown and the point at which the merging occurred
used as a density diagnostic. Recently more advanced models have been developed
allowing series limits to be included in solar atmosphere codes (Dappen, et al., 1987),
in atomic calculations for the IRON project (Seaton, 1990) and to interpret tokamak
divertor spectra (Pigarov et al., 1998). Figure 1.15 shows an example of a Balmer
series limit observed on the JET reactor, taken from Meigs et al. (1998).

As one progresses up a series, the spectral lines blend together and assignment of a
photon to a particular upper level becomes ambiguous. The merged lines smoothly
extend into the continuum, and it becomes difficult to define a sharp continuum
edge. This adds uncertainty to electron temperature and density diagnostics which
depend upon the continuum edge (such as those described in chapters 10 and 11 of
Griem (1997)). A code was developed to predict a synthetic spectrum, referred to
as a ‘spectral feature’, of sufficient quality that the fitting of this feature to JET
divertor spectra could be used to diagnose plasma electron temperature, density and
recombination state.

Comprehensive modelling of this region requires high quality line profiles for the high
series members, the population modelling must be appropriate for high quantum shells
and the smooth merging of high series lines into the continuum has to be accounted
for. The conventional method of dealing with the series merging is to introduce

a statistical microfield which progressively shifts the high quantum shells into the
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Figure 1.15: Balmer series limit observation of the JET divertor region, taken from Meigs et al.
(1998).

continuum through field ionisation. That is, it is assumed that once an electron
reaches a certain n-shell it is automatically ionised and thus behaves as if it is in the
continuum. See Pigarov et al. (1998) for an example of this method used in practice
to deal with series merging in the divertor of the Alcator C-Mod tokamak. This
thesis takes an alternative approach, proving that bound-bound photo-rates continue
analytically into the free states, with no need to ‘dissolve’ high quantum shells into the
continuum. The microfield effects are accounted for in the line broadening calculations
and it is intended that they will be included (as an extra rate, not as an ionising
field) in future collisional-radiative work . The details of this alternative approach
are presented in chapter 3 and a contrast with the conventional method given in
section 3.3. It will be shown in section 5.3.3 that the JET divertor code can indeed

fit observational data and diagnose local plasma parameters.



Chapter 2

Opacity modelling of low series
members for population and
emergent flux calculations : The
escape probability and absorption

factor approach

2.1 Introduction

This chapter describes the theory for modelling opacity in low series members using
the escape factor approach, and its application as the code ADAS 214. Two quantities
are evaluated, the escape probability (©) for emergent flux adjustments and the
absorption factor (A) for population modifications, see equations (1.8) and (1.14) of
chapter 1.

ADAS 214 is derivative of the work of Behringer who developed a code for the practical
evaluation of (1.8) and (1.14). This chapter outlines the theory behind the new ADAS
code, highlighting the various approximations which are made. The original Behringer
code was used in the study of an air-like plasma jet (Jentschke, 1995), then amended

and extended with a later version being used to account for opacity in low temperature

o1
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divertor plasmas (Behringer, 1997). The original code was written in BASIC for DOS,
and later translated to Visual Basic for WINDOWS 95 by Behringer. The code was
converted to run as an ADAS code, referred to as ADAS 214 (see Summers, 2001
and the original report of Behringer, 1998). ADAS 214 consists of an IDL graphical
interface which spawns a fortran 77 code to evaluate the A and © expressions. Figure
2.1 shows the processing options screen where the plasma parameters are entered.
The code also requires an input ‘adf04’ file containing all the A-values, collisional
rates etc for the ion under consideration.

The code outputs an opacity modified version of this file, with the A-values adjusted
by the appropriate absorption factors. This file can be used in collisional-radiative
calculations to produce an optically thick population distribution. ADAS 214 has two
main graphical outputs, it shows the generic A and © curves with selected transitions
marked (as in figure 1.11) as well as plotting line ratios verses column density (as in
figure 1.12).

2.2 Basic Theory

In the evaluation of ©® and A expressions, considerable simplification is possible with
the assumption of certain geometries and spatial distribution of the emission coeffi-

cient. The geometries considered by the code are:

e Isotropic sphere of radius b.
e Plane parallel disk of thickness 2b.

e Cylinder with radius b and length 2a.

See figures 2.2 and 2.3 for the details of these geometries. The escape probability is
evaluated on a line of sight through the centre of the sphere, along the central axis of
the disk and perpendicular to the central axis of the cylinder. The absorption factor
is evaluated at the centre of the sphere and at the midpoint of the central axis of
both the disk and the cylinder (note that the absorption factor evaluated in the code
is only valid at this point).
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ADAS214 PROCESSING OPTIONS
Data File Name: Designate metastables and Boltzmarn deviations
/ das/adas/adf04/cophath/cophath_bn#97h. dat
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Figure 2.1: Example of the processing options screen in ADAS 214. Note the range of plasma
parameters which need to be entered, in particular the Boltzmann deviation factor that it used in
the initial population estimation.

Figure 2.2: Schematics of the disk geometry considered by ADAS 214, taken from the report of
Behringer (1998).



04

Figure 2.3: Schematics of the cylindrical geometry considered by ADAS 214, taken from the report
of Behringer (1998).

Consider first the escape probability expression from chapter one:

2b

2b ! !
e S e, e N gy 4 f T (w,0)e” Jo @Dl
- Jine & 2 (v, )didy
Assume that there is no background radiation field (I(v,0) = 0) and that « is inde-

S)

(2.1)

pendent of spatial position within the plasma and equal to &(v). The assumption of
constant absorption coefficient represents the main approximation in the code, equiv-
alent to assuming a constant lower level population density throughout the plasma
volume. This should be a reasonable approximation for fusion divertor conditions
and for many low temperature plasmas. Opacity effects are commonly investigated
in transitions with either the ground or metastables as their lower level. Because
of the large populations of these levels it should be valid to assume that they are
spatially invariant. The escape probability is then given by

Fine S22 (v, e I 0@ g1y,

Jiine J e(v, V)dldy

Siine 02b (v, 1)et=220) d1dy
Jiine S22 €(v,1)dldy

(2.2)

Define €1,(I) such that emission coefficient can be written as
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8(V,l) = —WAn’—mNn’(l)O(V)

and a7, such that

= @Le(l/) (24)

Assuming that the emission and absorption line profiles are independent of position,

the escape probability can be written as

P er(l) fime 0(v)el=20010W) gy ]

0= 2.5
2 dl (2:5)

Consider next the absorption factor expression, starting with equation (1.14).
A(l) =1 fQ flinea(ya l)U/(V,l)dVdQ (26)

o Jine £ (v, 1
Again, one assumes that the absorption coefficient is independent of /. For the pur-
poses of the code A is evaluated at the centre of our plasma geometry, denoted by
l=b. It is assumed that emission from this point is uniform in all directions (i.e.
Ja Jiine €, 1)dvdQ = 4mey,. Thus

ar Jo Jiine 0()u(v, b)dvdQ)

Ab)=1-
() 471'8[,

2.7)

The radiation field term is given by

b _
u(v) = [ Do)t I (2.8)
h(®)
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Figure 2.4: Diagrams of the spatial distribution of the emission coefficient as considered by ADAS
214.

with h(Q2) describing a point on the plasma surface. Thus the radiation field is the
resultant radiation, incident from all possible lines of sight into the centre, accounting
for attenuation along each line of sight.

Note that equation (2.8) is similar to the numerator of the equation (2.5), allowing
one to significantly simplify the numerics of the calculation. As will be seen in the
next section, the emergent flux along a given line of sight can be expressed purely as
a function of optical depth. Thus u(v) can be evaluated for a range of optical depths,
used immediately to evaluate © and called repeatedly in the solid angle integration
for A. Thus it is only necessary to work out the generic u(v) vs 7 curve once and the

rest of the calculations can be performed from interpolation of these results.
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2.3 Spatial variation in the emission coefficient

The code allows for various distributions in the emission coefficient within the volume

of the plasma. These options are

e homogeneous distribution throughout the plasma.
e linear decrease from plasma centre to edge.

e parabolic decrease from plasma centre to edge.

Writing out the intensity expression and repeatedly integrating by parts results in

b _
I(v,b) = /E(V,l)e(l_b)a(")dl
0
e(v,b) €'(v,b) N g (v,b)

av) a@)? o)
_—a (v,0) B e'(v,0) &"(v,0) B
l@(V) R+ S (2.9)

The variation in the allowed emission coefficient distributions is at most second order
making this technique an efficient way of evaluating the line of sight integration. When
this expression is evaluated for each emission coefficient distribution, the following
expressions are achieved (results with the integration extending from 0 — 2b and
from 0 — b are shown since they are used in the calculation of © and A respectively):

For the homogeneous distribution one has

/ be(u,z)e<l*”>@<">dz _ W) [1_ea<u>b]
0

2 _ _
/ (v, Delt=®alg — () [1 — 620‘(”)”] (2.10)
0

For the linear distribution these become

/bs(u,l)e(l_b)a(”)dl - h) ll_ (1 + ! e_a(u)b]
(0%

0 a(v) v)b  a(v)b
26 5 b) 1 . .
(I-2b)a(v) — 8(1/7 1—9 —a(v)b —2a(v)b 211
/o e(v,l)e dl () a)b [ e +e } (2.11)
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and

[ et et ar = é(? ll‘ ot (a(%b*a(fvbz)e_a(u)b]

[ e = S0 et (2 o) ¢ e

for the parabolic distribution. This results in escape and absorption factor expressions
of

B 0(1/)[1 o 672a(u)b]
@ - /line 251(1/)[) dv

O(V)[1 — e~ )]
- /line 2’7’(1/) v

1 _
A(D) = / [ 0)e Vv

= e~ T(9) 2.1
47T/ ‘/lzne dVdQ ( 3)

for the homogeneous distribution.

1 1 _ _
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1 1 :
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A(b) 47T/ /lme [dLb(Q _Lb(Q)e ] Y
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for the linear distribution and
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T

1 2 2 2
AB) = oo /Q/line[(@(y)b(Q))(@b(Q))_[OZLb(Q) (@(v)b(ﬂ))(o&b)(ﬂ)]
e*&@)b(ﬂ)] dvdS)

- s L [ - s+ ] e aen @

for the parabolic distribution. Each of these expressions are functions of optical depth

(@rb) and line profile, allowing generic © and A vs 7 curves to be evaluated, see figure
2.5.

2.4 Proof that generic A(b) and © vs optical depth

curves are valid

The code evaluates the escape and absorption factor expression as generic curves that
are only functions of optical depth. The optical depth for each possible transition
is then worked out and its corresponding escape and absorption factor found by
interpolation of the generic curve. Thus the generic curve is assumed to be valid for
every possible transition within the one ion. It is not immediately obvious that this
approach is valid. There are two issues to be dealt with, firstly can the expression
always be written in terms of optical depth and secondly how does one account for
the fact that different transitions can have different line profiles?

To show that the expressions can always be written in terms of optical depth consider
the following argument: By inspection from equations (2.10) - (2.15) it can be seen
that © and A can be written in terms of optical depth and line profile. It can be shown
that this is generally the case if one writes the emission coefficient with the spatial
variation extracted, that is e(v,l) = (v, b) f(I) where f(I) defines the variation of &
along [. It has been shown in equations (2.10) - (2.15) that the line integrated flux
can be written as % g(7(v),0(v)) where g is the appropriate function from these

equations. The escape and absorption factors can then be written.
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Figure 2.5: Example of the generic ©® and A curves produced by ADAS 214. Note that as one
progresses up a given series the © and A values increase. The © and A values also increase from one
series to the next
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S frine €(v, e dyql
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=1

Thus, for a given line profile, one can generate generic © and A vs optical depth
curves. It should be noted that for both © and A a normalised line profile is used with
the actual line height contained in the ¢; term. Provided that the same normalised
profile holds for all transitions, the generic © and A vs 7 curve will hold for each
transition. This is likely to be the case as it is mainly adjacent series members with
either the ground or a metastable as the lower level that are optically thick. The
same broadening mechanisms are likely to apply to such lines giving them similar

profiles. The higher series transitions, which are more likely to have different profiles,
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are often optically thin, but even if they are not thin they have little effect on the

population results of the code.

2.5 Profile Theory

Dealing next with the various line profile options, there are three basic profiles, and

three convolved profiles allowed for in the code, namely

e Doppler

Lorentzian

Holtsmark

Voigt

Doppler-Holtsmark

e Double Doppler

Normalised profiles are generated numerically in the code from expressions such as
those in section 1.2.5. The Doppler half-widths are determined from expression (1.26),
the Lorentzian and Holtsmark widths are set to half the Doppler width and for the
convolved profiles, the non-Doppler width is entered by the user.

The integration over the wavelength is performed numerically, at this point the escape

probability can be found from expression (2.5).

2.6 Evaluation of A

To evaluate the absorption factor, it is necessary to integrate over solid angle, so
knowledge of the plasma geometry is required. This integration is performed nu-
merically. For the spherical geometry A can be returned immediately with the solid

angle integration introducing a factor of 47. For the cylinder and disk geometries the
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Figure 2.6: Example of various hydrogen profiles as calculated by ADAS 214. Note that all profiles
are normalised and evaluated for the same set of plasma parameters. The Lorentzian width is set
to half the doppler width as is the Lorentzian component of the voigt profile.

symmetry of the problem is exploited in that it is only necessary to evaluate the con-
tribution from one strip. An element of surface area is considered along a given strip
and its contribution to the radiation field at b evaluated. The contribution from each
element along the strip is then worked out, with an end correction used to account

for the flat ends of both geometries.

2.7 Computation of populations using absorption

factors

The main purpose of the code is to allow opacity modified population distributions to
be evaluated within ADAS collisional-radiative codes. These codes assemble all the
collisional, radiative and spontaneous rates between atomic levels, and then solve the
system to predict a population structure. The individual rates are either evaluated

from algebraic expressions or taken from the best available observational /calculated
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data. One type of input datafile is known as an adf04 file, these optically thin datafiles
can be converted to account for opacity effects using ADAS 214. This is done auto-
matically in the code, each transition being read in from the input file, its A-value
modified by the appropriate A and written to the output ‘optically thick’ adf04 file.
All of the existing ADAS codes assume that the plasma is optically thin, thus the
absorption factor technique of modifying the Einstein A-values with A factors is ideal
in that it allows the ‘optically thin’ collisional-radiative codes to process opacity mod-

ified adf04 files and generate a thick population structure.

2.8 Using the code as a line ratio diagnostic

ADAS 214 has an extension from the original code which allows the user to specify a
range of column densities for which to run the absorption factor calculation. The code
then evaluates absorption factors for each column density, producing corresponding
adf04 files and opacity modified population distributions (via ADAS 214’s own statis-
tical balance subroutine). It is then a small matter to look up the escape probability
expression at each column density for two chosen transitions and use equation (1.46)
to work out the opacity modified line ratio. Thus one can evaluate any given emergent
flux line ratio as a function of column density. See figure 2.7 for an example of this.
The modified populations which are evaluated are for one point in the plasma and
it is assumed that they remain constant along the line of sight. This is not entirely
consistent with the selection of a modified upper level density distribution in the
absorption factor calculation. That is, the upper level population modification is
taken into account in the evaluation of A and ©, but not in the N, used in the
emergent flux calculation. Within this limitation the line ratio option of the code can
provide an estimate of any given ratio for immediate comparison with observational
data. Alternatively the user can evaluate the modified population density along
the line of sight themselves and perform the integrated flux and hence line ratio

calculation themselves.
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Figure 2.7: Example of the emergent flux line ratio evaluation vs column density from ADAS 214.
The ratios are evaluated for hydrogen with the indexes corresponding to upper and lower principal
quantum numbers. The plasma parameters are those from the fusion divertor study of section 1.3.2
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2.9 Example of the use of the code for He line iden-

tification using CDS quiet sun observations

A useful illustration of ADAS 214 is found in part of the spectral line identifica-
tion work of Brooks et al. (1999). In this study the Coronal Diagnostic Spectrome-
ter (CDS) instrument onboard the SOHO spacecraft was used to obtain a complete
spectrum of the quiet sun using the instrument’s full wavelength range (308 — 3814,
513 — 633;1), the aim being to identify as many spectral lines as possible. An example
of an observed spectral region is shown in figure 2.8 with some of the line identifi-
cations marked. Strict criteria were used in the identification of the lines. Firstly
wavelength coincidence with accepted values was considered, and for lines where this
coincidence was good, ‘position patterns’ could be used to confirm an identification.
These position patterns refer to a technique first introduced in the analysis of data for
the Spacelab 2 CHASE experiment in Lang, Mason & McWhirter (1990) and elabo-
rated in Brooks et al. (1999). Spectra were taken over a range of spatial and temporal
points and assigned a unique position index. Thus the different observations reflect
typical quiet sun variabilities in density, temperature, structure. Each spectral line is
then reduced to a single value by taking its intensity in counts divided by its average
over all positions. These points are then plotted logarithmically against position in-
dex. When the position patterns for identified lines are arranged in order of similar
patterns, and labelled with the ions temperature (from the peak of its G(T)), it is
found that there are similar patterns for lines emitted by the same ion and for lines
from ions formed at approximately the same temperature. Thus the position patterns
of unidentified lines can act as a fingerprint indicating the probable temperature of
formation of the line, thus aiding in its identification. It was sometimes possible to
use line intensity ratios to judge whether or not lines originated from the same emit-
ting ion and in this way further confirm certain identifications. A brief description is
presented below on the use of ADAS 214 in aiding in the identification of four He I
lines.

From wavelength coincidence and the similarities of their position plots, it was strongly

suspected that four observed lines were
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Figure 2.8: Example of the observed CDS spectrum used in the line identification work, taken
from Brooks et al. (1999).
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He I 152 1S, — 1sdp 1P, 522.257A

He I1s21S, —1s3p 1P, 537.0914

He I1s21S, —1s2p ' P, 584.360A

He I1s21S, —1s2p 3P, 591.4114

The 522, 537, and 584 lines were all strong and there was no doubt about their
identification (see figure 2.8 upper plot for the 584 line), in fact these lines were used
as calibration lines in the study. The 591 intercombination line on the other hand was
very weak (see figure 2.8 lower plot) and evidence of the consistency of the observed
intensities was needed for a definite identification. The observed line intensity ratios
of each line to the 584 line intensity are shown in column two of table 2.1. Also shown
is the predicted optically thin intensity ratio (column three) where the populations
were evaluated from ADAS. It can be seen that the observed I(537)/I(584) and
1(522)/1(584) ratios lie close to their optically thin values, while the 1(591)/1(584)
ratio significantly deviates from it. It would be expected that the strong lines (584,
537 and 522) would be optically thick and so have a reduced emergent flux from the
sun. If they have similar opacities they may experience similar intensity reductions,
moving their ratios back to the expected thin values.

To see if opacity could explain the deviation of the I(591)/1(584) ratio from that
observed, ADAS 214 was used to return opacity and line ratio estimates. A disk
geometry was chosen with a large aspect ratio to simulate a near infinite slab for
the solar atmosphere. Doppler profiles were used along with a homogeneous density
distribution, with the temperature being taken as 28,000K from the peak of the
G(T,) function, see figure 2.9. A helium density of 1 x 10'%cm 3 was taken from the
corresponding value in the Vernazza et al (1981) solar atmosphere model, assuming
that the helium density to be ten percent of the hydrogen density. The length of
the slab was judged approximately from the height from the photosphere to the
transition region, again taken from the Vernazza model. The input adf04 file was
generated using the autostructure code via the ADAS 701 interface. An A-value for

the intercombination line of 0.6s ! was taken from Summers (1977).
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Figure 2.9: G(T.) function for helium evaluated using ADAS 412; note that the peak of the G(T)
lies at about 28,000K.
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Using these values an escape factor calculation was performed. The results are shown
in figures 2.10 and 2.11. The 584, 537 and 522 lines are clearly extremely optically
thick. Note that they have similar opacities, thus their ratios should be close to the
optically thin values (i.e. their intensities scale similarly with optical depth so their
ratios can still remain close to the optically thin ratio, even though the individual
lines are optically thick). The 591 line on the other hand can be seen to be optically
thin, and so the observed deviation from the thin line is to be expected. So a quick
assessment of the escape probabilities using ADAS 214 has qualitatively explained
the observed ratios.

The intensity ratios were then estimated - note that a ratio analysis like this is not
the main purpose of the code, since the evaluated absorption factor is only valid
at the centre of the geometry under investigation and the ratio evaluation assumes
that it is valid for the whole line of sight. Despite this it was useful to estimate the
ratios within the bounds of the code to get an indication of their behaviour. A range
of column densities surrounding the value for which figure 2.10 was generated were
chosen and the ratios produced. The results are shown in figure 2.11. Note that both
the I1(537)/1(584) and I(522)/1(584) cross their observed values at approximately
the same column density (= 1.3 x 10"%¢m™2). The I(591)/1(584) on the other hand
does not reach its observed value, always lying below it. This is not unexpected
as we are running the code in the regime beyond which it is normally valid. The
predicted 1(591)/1(584) ratio is too low, indicating that we have overestimated the
I(584) intensity. As a result of this analysis it was decided to run the MULTI radiative
transfer stellar atmosphere code (Carlson, 1986) to predict the line ratios. This
approach is more likely to give a better estimate of the line ratios than ADAS 214 as
it uses a solar atmosphere model based geometry and density distribution (in the case
here the model of Vernazza et al., 1981). MULTI was run and line ratios produced -
see column four of table 2.1. As can be seen from the table the predicted ratios are
good for both the 1(537)/1(584) and I(522)/1(584) ratios. The optically thick model
matches the 1(591)/1(584) ratio better than the thin model, though it is still a little
low.

As a result of this analysis the line was positively identified as Hel 1s? 1Sy, —1s2p 3P,
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Ratio Measured Predicted Ratio

Opt. thin ratio MULTI ratio
1(537)/1(584) | (1.24+0.3) x 107 | (0.6 —1.3) x 10! | (1.5) x 10!
1(522)/1(584) | (3.6 £1.0) x 1072 | (1.8 —4.2) x 1072 | (5.9) x 1072
1(591)/1(584) | (9.8 +3.2) x 107* | (1.0 — 1.8) x 10™* | (4.3) x 10™*

Table 2.1: Observed and calculated solar atmosphere helium line ratios with and without the
effects of opacity.

591.411A. To the author’s knowledge this line has not been observed before in the
sun. The short illustration shown here provides a good example of the use of ADAS
214 for more complex problems than its assumptions might allow. The code provides
a means of quickly estimating the opacity effects on spectral lines of moderately
optically thick plasmas, and if the lines are found to fall outside of the optical depths
for which the code is valid, it allows the investigator to decide whether it is worthwhile

doing a more complex opacity study on the lines in question, as was done in this case.

2.10 Further theory and code development : In-

clusion of a background radiation field

2.10.1 Theory

One of the first assumptions made in evaluating the escape and absorption factor
expression was the exclusion of a background radiation field. Expressions (2.10)
through to (2.14) can be re-evaluated to include a contribution from the background
radiation field. Note that the parabolic expression is not included in the work shown
here, though it is straightforward to extend the algebra to allow for it.

For the homogeneous distribution the line integrated fluxes become

b
(1—b)a(v) _ &) __a(w)b —a(v)b
/0 e(v,l)e dl = a0) [1 e } + I(v,0)e
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and

b , £(v,b) 1 1, "
l (- b)a(ll)dl — > 1— a(v)b I 0 a(v)b
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for the linear distribution.
These result in escape and absorption factors expressions for a homogeneous density

distribution of

1 €L —2a(v)b —Qa(u)b]
= = 1 —
© QbSL + fl'me UBB(V)dV /line |:O~7L [ ¢ ] * UBB(V)e dv
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v)e

(

for a linear density distribution, where upg(v) is the incident background radiation
density at frequency v. A modified version of ADAS 214 was produced to account
for such a background field. Although the resultant escape probabilities were found
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to be well behaved, it proved to be difficult to evaluate meaningful absorption factors
for all possible optical depths. For example, consider the case of a plasma that
shows only moderate opacity and has an incident background radiation field which
is close to black body. Due to the low opacity of the plasma, the radiation field at
the center will be close to black body (mostly due to the background field). Note
from the absorption factor expressions (2.20) and (2.21) that the multiplier on ugp
is a/e. If the background radiation density is black body, one only gets A = 0 if
« and € have Boltzmann populations. However, the code assumes an initial excited
state population structure with default Boltzmann deviation factors of 0.1 (with the
option for the user to enter a different deviation factor). This serves to increase
a/e, allowing the background field contribution to A to become less than negative
one, resulting in negative absorption factors. If the system were allowed to iterate
then the large radiation field would increase the population of the excited states and
keep the absorption factors positive. Since the direction of the present work seeks to
exploit the linear nature of the escape factor approach no further work was done on

this aspect.

2.11 Conclusions

A description of the ADAS 214 opacity code has been given and it can be seen that it
integrates well with the existing ADAS collisional-radiative codes. It provides a quick
and effective way of evaluating opacity adjustments to both atomic populations and

emergent flux from moderately optically thick plasmas.



Chapter 3

Continuity of high series opacity

3.1 Introduction

The present chapter focuses on calculating opacity consistently in a single spectral
series from low lying discrete member lines through to the continuum within the
escape factor framework. This is done by analytically extending the usual bound-
bound definitions of the escape probabilities and absorption factors into bound-free
regimes. It is shown that blended high series lines merge with a broadened contin-
uum smoothly across the series limit with no need to introduce an ionising microfield
which effectively ‘dissolves’ high quantum shells into the continuum. The continu-
ous escape probabilities are evaluated in a new code and used to adjust high series
and bound-free continuum emergent intensities for opacity. Similarly the continuous
absorption factors are used to modify high series spontaneous emission and free elec-
tron recombination rates for population calculation in an analogous manner to their
bound-bound counterparts. This chapter considers only hydrogenic opacity, with the

recognition that the theory can be extended to non-hydrogenic elements.

3.2 Analytic continuity

Expressions (1.8) and (1.14) are the starting points for demonstrating analytic con-

tinuity. In the following algebra, bound-bound quantities are denoted either by the
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subscripts ‘nn’ or ‘bb’; and the bound-free quantities with subscripts ‘bf’ or ‘nk’ with

no change in meaning. We seek to show that

[ aw(v,r)I(v,r)dv

Aw(r) =1~ 3.1
w(r) [ Jo e(v,7)dQlw (3.1)
continues analytically into
[app(v,r)I(v,r)dv
Aoplr) =1 = 3.2
(@) T Joyos (s 1) d2dw (3:2)
and that
b b 1dl'
S Sau Jo (v, 5)67Il ) g1 7y (33
bb = _
Iaw I3 €0 (v, 1) dldy
continues into
Jaw Jo €0 (v, 1)e” I} aor A g,
®bf — Av JO ) (34)

Jaw I3 vs (v, Ddldv
The b-b and b-f emission and absorption coefficients are defined in chapter 1. We
seek to prove, upon transformation of n' — ik, that ey, — 55 and ag, — apy, leading

to continuity in © and A. For clarity, the ¢ and « expressions are reproduced below.

5bb(”) = i n’An’—>n¢n’n(V) (35)

will continue into

eo (V)dv = % (N, £ (0)bedv] [N,vorg]

1 1
S ev) = o NS ()bede] [Neva,m%

dk

- (3.6)

with f(v) being the Maxwellian velocity distribution for free electrons and oy, is the

target area for free electron capture, given by

21 e?h 1 K2
Okn = —9
"svE3mic [L 4 L]t

(3.7)
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Similarly

7'('62 ’ T
Gt (V) = N s ()9 (38)

will continue into

dK
ann( ) Ny —fnnd H

Note that the proofs shown here hold for NLTE population distributions with the

(3.9)

inclusion of b-factors, b,, for bound states which continue into b, factors for free

states (representing deviations from a Maxwellian free-electron velocity distribution).

3.2.1 Continuity of emission coefficient

The resultant emission rate to level n for a given series, once the profiles start to
blend together at high series members, is simply the sum of the b-b emission rates

over all transitions in the series. That is,

6n(l/) = % Z’ Nn’An’—m(bn’n(V) (310)

As the series limit is approached, only nearby profiles contribute, the values of N,

and A, _,, do not vary significantly and can be replaced by representative values
N and A

" 7, and taken out of the summation. The emission rate to level n then

becomes

1
en(v) = A ﬁ’Aﬁ’anz(bn’n(V) (3.11)

For high series members, the profiles broaden and tend to the same basic distribution,
only shifted slightly in frequency due to the increased energy of the upper level.
We calculate the average emission rate over a small frequency interval, equal to the

separation between line centres Av

1 1
En(l/) = ENﬁfAﬁ/_)nB Auz¢nln(y)dy (312)

n'
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Figure 3.1: Diagram illustrating the contribution of overlapping profiles to the integration in eqn
(3.12). Consider the contribution from each profile to the region of integration within the dotted
lines. If one traces out the contributions from each profile in turn (see the bold segments of the
profiles) it is equivalent to integrating over one normalised profile.

For high series members ¢,,,(v) is approximately the same for adjacent profiles, only
shifted in frequency by Av. As can be seen from figure 3.1, the summation inside the
integral simply serves to select adjacent segments from the normalised profiles, and
in the case of figure 3.1 we have an integral over one complete profile. If the region
Av is then increased to cover An’ profiles, the integral would be over An/ normalised
profiles. Thus the integral over Av reduces to An’ (i.e. the number of line centres
within the Av frequency region). Note that as our frequency element approaches
the series limit, broadened profiles from the continuum form part of this contribution
to the Av region (this is most clearly seen in the numerical simulation later in this
section). In the limit of Av becoming very small, the average over the frequency
region tends to dn//dv. Thus the number of spontaneous emissions over the region
dv is given by
1 dn/

872(1/) = —Nn_lA

- (3.13)

ﬁ’—)n dV
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This is then analytically extended to continuum states using expressions for N,; and

A transformed into the continuum. That is,

n'—n
3

h2 2 Wy _lﬁ/
N. = N.N, l%ka] 2 exp [kTe]b"' (3.14)

is extended into free states by letting n’ — ix and using

8rm3v?duv
N h3
for the statistical weight of an electron in state x (Menzel & Pekeris, 1935). The

(3.15)

Wg =

continuum statistical weight is defined over a momentum and volume element and is
defined such that it is consistent with w,,, that is there is no w, term for the statistical

weight of the ion. Also use

R 2
Iy =22 (3.16)
n
for the ionisation potential of level n’. Thus
Ne : 187rm31}2dv
nn 27?ka 2 N,h3 2kT
3
2 Rz m?
= Nidm® [27rkT] xp [ QkT] b v
3
3 R2}
—  Nmo? [2 | e [_W] b (3.17)
The Maxwellian velocity distribution, f(v) is given by
3 muv?
— 4dv? [ ] ’ - 1
f(v)dv = 4mv kT, exp [ 2kTe] dv (3.18)
and the energy (FEy) of the free electron is
1 , Rz

Thus letting n’ — ik in equation (3.17) gives
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Nuym — Nif (v)bedv (3.20)

To transform the A-values, express A in terms of oscillator strengths, i.e.

wy, 8m2e?

ATZ’—)'IL = ;W”ﬂ’nfé’ngé’n (321)
nl
and use
R2 711 1
and
26 1 1 1
f,_/ = I — 323
n'n 3\/§7T<—Un [#_%]37#),”,3 ( )
n
to obtain
A L wn8T Rzgz[l 1]2 26 1 1 1
n'on T Wy mc3 h n2 ﬁlQ 3\/§7Twn[1 _ 12]3 3*,3gn’n
n n!
1 8722 [Rz2\® 26 1 1
= —— 0 : —— =G (3.24)
Wy me h | 3V3x [n_2 - 72] n3n

Letting n — ik and using eqn (3.15) for the statistical weight of an electron in the

continuum gives

N.h3  8m%e? R?z§ 20 1 1 .
" 8mm3vidv mé®  h? 3v/3r [n_12 + '61_2] n3k3 JAn
Neh _e? 2,4 2° 1 1 g
v2dv micd 3v3 [# + ,3_2] n3K37Hn

A_/

n —n

(3.25)

Then using

g = (3.26)
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to convert the dv into dk via

1 2Rz}
dv = —— 320
mv K

dk (3.27)

The transformed A-value is

A_/

n —n

11 €2 2
— | =Nh—— 22
[ v2 dv m4c3 ] l3\/_ [% Hggnn]

— _Na m/ﬁz B mvf?’ e R 1 i
2Rz} 2R23dk | mtc3 3f [% + %] n3k3
N 2t eh 1 K2g££ 1
3v/3m2c [# + é] n37*" dk
1
dk

= N,op, (3.28)

which is the bound-free emission rate.
Thus the bound-bound emission coefficient continues smoothly into the bound-free

expression as n' — ix. That is

1 dk
= [Nif(v)dv] 7

and analytic continuity between equations (3.5) and (3.6) has been shown. A code

Eqan(V) — (3.29)

N,
o] o

was written to demonstrate the continuity of the resultant emission coefficient across
the series limit. Both Lorentzian profile expressions and the expression of Griem
(1960) could be used in the calculation, and existing ADAS subroutines were used
to evaluate the necessary Gaunt factors, A-values and population b-factors. For
the demonstration shown here, Lorentzian profiles are used throughout. Note that
the proof outlined here works independently of the choice of line profile, the only
necessity has been that the line profiles must be normalised. In practice one would
use appropriate line profile expressions and widths for the plasma under investigation.
See chapter 5 for an opacity calculation using the profile expression of Griem.

The code takes the same approach in treating the continuity as the proof shown above.

That is, a wavelength element is considered in the spectrum and the contributions
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Figure 3.2: Emission coefficient for the Balmer series plotted across the series limit. The code
was run for N, = 2 x 10™em =2, T, = 1eV. Note that the continuum contribution is made up of a
continuous set of bound-free line profiles.

from all line and continuum profiles to this element are evaluated. This region is then
scanned across the series limit and the results plotted. In the blended region and
continuum this wavelength segment corresponds to an ‘element’ of population, made
up from the continuous free states or the pseudo-continuous highly excited states.
At low series wavelengths the main contribution to the wavelength element is from
the sum of all bound-bound profiles. As one approaches the series limit, and the
states become indistinguishable and it is more appropriate to model this summation
as an integral of the contributing profiles over energy. The continuum is modelled as
a continuous set of line profiles (assumed Lorentzian with constant width), and the
contribution to the wavelength element found from the integral over energy of these
bound-free profiles. The resultant emission coefficient in the wavelength element is
the sum of the bound-bound and bound-free contributions. The results are shown in
figure 3.2.

Note that the bound-bound profiles make a contribution at continuum wavelengths

and similarly the broadened continuum contributes at bound-bound wavelengths. It is
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the combination of these contributions which leads to the smooth continuation across
the series limit of the emission coefficient. b-factors were calculated for all transitions,
though for the higher transitions they are equal to one. A maxwellian velocity dis-
tribution was assumed (i.e. b, = 1). However, the proof of continuity is for emission
from an element of population in the continuum, which is then ‘scanned’ down into
bound states. Thus the expected emission resulting from a non-Maxwellian distri-
bution of free electrons can be modelled with the introduction of the appropriate b,
values. Note that the emission coefficient well into the continuum is made up from all
the contributing bound-free profiles and is equal to the usual analytic expression used
to model the continuum profile (equation (3.6)). The approach of continuity shown
here is significantly different from the conventional approach, whereby an ionising

microfield is introduced. See section 3.3 for a discussion on this point.

3.2.2 Continuity of absorption coefficient

In a similar manner the bound-bound absorption coefficient, equation (3.8), continues
into its corresponding bound-free expression, equation (3.9). Starting with the bound-
bound absorption coefficient expression, for absorption to high n-shells the upper
levels become progressively closer together until adjacent absorption profiles start to

overlap. The number of absorptions at frequency v due to all the overlapping lines is

2
e
an(v) = Nn% > fr Gh b (V) (3.30)

The average of this quantity over a small frequency region Av is

a/n(ll) 7,:20 Av /Au Z fnn’gnn’¢nn’ ) (331)

On approaching the series limit the profiles, ¢,,/, that contribute to the Av region
have approximately the same shape and are simply shifted along in frequency. The
oscillator strength and Gaunt factor values for the contributing transitions can be

replaced by representative values (= f -, and g’ -). This produces
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= Ny —f i Ot A / Zcb,mf (3.32)

Again considering Av equal to the separation between the line profiles a similar
argument to the emission case holds. The effect of the summation is to contribute
adjacent components in the line profile to the integral such that the integration is
effectively over the number of line centres in Av. Because the profiles are normalised,
the integral reduces to An’ and as Av becomes infinitesimally small the integral tends
to dn'. The absorption coefficient then becomes
'

o (1) = N7 frgh (3.33)
9rn — gpr as shown in Burgess & Summers (1987) and f’- — —f; . as seen in the
definitions from Menzel & Pekeris (1935). From equation (3.22)

dn’ N dk
dv dv
It is now clear that equation (3.33) continues into equation (3.9) on transforming

(3.34)

n' — ik. That is,

(V) = NPl (f1) (—d—’“)

mec dv
= N —géifnndﬁ
me dv
= (V) (3.35)

The continuous absorption coefficient was also evaluated numerically. Using the same
technique as for the emission coefficient, the contributions to a wavelength element
were evaluated and this wavelength element ‘scanned’ across the series limit. The
continuum contribution is modelled as the integral over free energies of the contribut-
ing continuum profiles (assumed Lorentzian in the calculation shown here). The
bound-bound contribution is evaluated from the sum of all series profiles at low series
wavelengths, and as an integral over bound energies after a certain wavelength cutoff.

In practice it was found that the sum over all bound-bound profiles could be extended
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Figure 3.3: Absorption coefficient for the Balmer series plotted across the series limit. The code
was run for N, = 2 x 10"4em =3, T, = 1eV.

to sufficiently high profiles to catch all the details of the integration. The results are
shown in figure 3.3.

Thus analytic continuity in each quantity in the absorption factor and escape proba-
bility equations has been shown and the bound-bound absorption factors and escape
probabilities continue smoothly into the corresponding bound-free expressions. This

has been evaluated for two practical examples in section 3.4.

3.3 Contrast with the occupation probability for-

malism

There is an alternative approach to deal with the detailed treatment of the line blend-
ing near the series limit. The work stems from the original analysis of Inglis & Teller
(1939) who derived an equation relating the last observable series line to the local
electron density. As a rough estimate the continuum is often considered to advance

down to this ‘spurious continuum edge’. A more detailed treatment is to introduce
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a plasma microfield (set up by the fluctuating ions in the vicinity of the emitting
atom or ion) to achieve smooth merging of blended lines into the continuum. The
argument is that this field introduces a potential which can ionise highly excited elec-
trons, thus there exists a quantum level above which electrons will be ionised before
they have the chance to spontaneously decay to a lower level and electrons in these
excited states will behave as if they were effectively free electrons. An ‘occupation
probability’ can be evaluated, giving the probability that an excited electron is ef-
fectively ‘dissolved’ into the continuum. This approach has been widely used both
in modelling series emission profiles and in collisional-radiative calculations. It was
introduced by Gurovich & Engel’sht (1977) to obtain a non-divergent partition func-
tion and by Pigarov et al. (1998) in his modelling of atomic populations and emergent
fluxes for Balmer series limit calculations.

Hubney et al. (1994) introduce an occupation probability, developed in Hummer
& Mihalas (1988), in their stellar atmospheres code to include the effects of line
blending near the series limit. It is instructive to examine their expression for the

total absorption coefficient, derived from equation (2.4) of Hubney et al. (1994):

’/T€2
o = Ny | D W — frum P (V) + (3.36)

n'>n mc Onk V > Vpy

{ Ywsn(l — wn/)“m—ej% vV < Upy
where o,, is equivalent to our bound-free absorption coefficient. The similarities
with equations (3.30) and (3.33) are evident. The main difference is the introduction
of the factor w, which they refer to as the ‘dissolution factor’. Their blended line
contribution is gradually reduced by this factor while the continuation of the bound-
free absorption coefficient to bound-bound wavelengths is simultaneously increased.
Thus as one approaches the series limit the absorption coefficient is driven to the
extended continuum value by the microfield. Note that the continuum is treated as
a profile with a sharp edge, not as a sum of bound-free profiles.

This approach differs from ours in that we have shown that the blended profiles along
with the broadened continuum contribution give emission and absorption coefficients
which merge smoothly through to the continuum, without any need to introduce an

ionising microfield. The technique of modifying the statistical balance equations with
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a level dissolution factor is incorrect on the grounds of detailed balance and energy
conservation. Of course the microfield effects must be included in the collisional-
radiative equations and the line broadening expressions to allow the populations and
profiles to be accurately evaluated. The microfield effects on the line profiles are
already included in this work with the use of the PPP broadening code. The in-
clusion of the microfield within the collisional-radiative framework as a rate with a
corresponding inverse process is left for future work. The idea is that the microfield’s
effect on the populations are primarily due to individual ions moving closer than the
nearest neighbour distance . These ions can remove an electron possibly via a charge
exchange mechanism. This allows incorporation of the microfield as a process satis-
fying microreversibility consistently within the collisional-radiative framework and is
planned for the next stage of ADAS development. Thus although the final continuous
coefficients in this chapter are similar to those produced by the occupation probability
method, the philosophies of the two approaches are quite different.

To the author’s knowledge the generic proof of continuity shown here which holds
for any physical set of line profiles has not been demonstrated before, with most
authors opting for the occupation probability method. The closest example of the
proof of this chapter is found in Seaton (1990). He considers the case of no line
dissolution (i.e. no microfield effects) and states that the sum of many overlapping
high series line profiles (considered to be step functions) in the high series absorption
coefficient tends towards the photo-ionisation rate. However he then goes on to use an
occupation probability approach to deal with series limits in his modelling of atomic

data for hydrogen for the Iron project.

3.4 The use of continuous escape and absorption

expressions

The absorption factor and escape probability expressions can now be evaluated. Such
quantities can already be evaluated for discrete spectral lines (see chapter 2) and

for continuum radiation (Drawin, 1970). Using the continuity theory shown here,
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Figure 3.4: Continuous escape probability plotted for the case of the Balmer series in the fusion
divertor. N, = 1x10em =3, T, = 1eV, length=5cm, assuming Lorentzian profiles and a Maxwellian
velocity distribution for the free electrons. Note the smooth merging of the escape probability across
the series limit.

this can be extended to include elements ‘within’ the blended high series region and
continuum. The continuous emission and absorption coefficients are combined to

produce the necessary opacity expression as a function of plasma parameters.

3.4.1 Some illustrations
Escape probability evaluated

Using the resultant ¢ and o« expressions it is possible to evaluate © across the series
limit. Consider a homogeneous plasma such that € and « are independent of position.

Equation (3.3) reduces to

S 80— ey
b fn,e(v)dy

Consider the Balmer series limit in fusion divertor plasmas. This region is expected

(3.37)

to be optically thin, with the lower Lyman members being the only thick lines. Nev-
ertheless it provides a useful check on our method. The escape probability code was
run for N, = 1 x 10"em =3, T, = 1eV, b = 5¢m, the results are shown in figure 3.4.

It can be seen that the escape factor for the Balmer lines through to and including
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Figure 3.5: Continuous escape probability plotted for the case of the Lyman series in solar promi-
nences. N, = 1 x 101%m 3, T, = 1eV, length=1 x 108¢cm. Only electron broadened Lorentzian
profiles were used in this calculation. The Lyman series limit occurs at ~ 911 A.

the continuum is, for all practical purposes, optically thin. Note that © continues
smoothly across the series limit (~ 3645 A).

Next consider the case of the Lyman series limit in solar prominences. In this case
one expects the Lyman lines and continuum to be extremely optically thick. It should
be noted that the atomic populations in a solar prominence are strongly controlled
by photo-absorption of incident radiation and that a full radiative transfer approach
is required to accurately model the populations, fluxes and exact line profile shapes
(see Gouttebroze et al., 1993). We use the solar prominence case as a check to
see if the continuum expressions developed here can predict reasonable continuum
opacities which smoothly merge into high series opacities. Thus © was evaluated for
N, =1x10¥%m3 T, = 1eV, b = 1 x 108cm, the results are shown in figure 3.5.
Note that there is indeed significant opacity at continuum wavelengths and a smooth

merging of © into bound-bound opacity across the series limit (~ 911 A).

Absorption factors evaluated

The generic expression for an absorption factor in terms of the continuous absorption

and emission coefficients is
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_ fAu Ckn(ll, K)I(V, E)dl/
Jo Sa, en(v, r)dvdQ
In the evaluation of A, the intensity term is evaluated by integrating the emission,

A=1 (3.38)

attenuated by photo-absorption, over the volume of the plasma to get the resultant
intensity at the point of interest. For the case of A at the centre of a homogeneous

density plasma of spherical geometry (of radius b) the absorption factor reduces to

_ fa, e(v)e~ W) dy
B fAu E(I/)dV
Figure 3.6 shows the results for the Lyman series limit at expected solar prominence

A (3.39)

conditions. A is evaluated as a function of frequency to produce the absorption factor
across the series limit. However, for adjustments to atomic population or free electron
distributions it is necessary to define a population element (and hence a frequency
element) for which to calculate the A factors.

Defining Av accordingly gives the expression most appropriate to our desired appli-
cation. With Av covering one complete spectral line it is possible to generate the
usual discrete line absorption factors. With Av chosen to be a small element, the
absorption factor corresponding to a small population element below the continuum
edge, or in the continuum itself can be found. If Av is chosen to cover Kk = o0 — 0
(i.e. v = v; — 00, with y; the frequency at the continuum edge), we average over the

whole continuum and get the same expression as Drawin (1970), i.e.

1 2 00 d
A = 1+ l’ﬂ'e nz_l,i/ u(y,z)—de]

n,Ne R; o i dv
1 e’ o0 hk?
= 1- N1 / v,r)f gt dv
nyneR; [ .c v, u( —)f"“g"“ng

where (n,n.R;) is the recombination rate from the continuum to level i

However, if Av is chosen to be smaller than this we can examine recombination
from different parts of the Maxwellian distribution of free electrons. This could then
be used to look at the population distribution ‘inside’ the continuum and thus to

investigate photo-ionisation driven non-Maxwellian free electron distributions.
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Figure 3.6: Absorption factor plotted for the Lyman series limit for typical prominence parameters.
The code was run for N, = 1 x 10%¢m 3, length = 1 x 108¢m, T, = 1eV

Note that for the situation shown, the absorption factor is significantly less than the
escape factor at the same wavelength. This indicates the case where a photon has a
chance of escaping along a given line of sight, but the probability of a photo-absorption
at the centre of the plasma is very large due to the large radiation field incident at
the centre (generated by the rest of the plasma volume). In these circumstances there
is a stronger influence on the optically thick populations than on the emergent flux.
Note that we have replaced the notion of a high series level with a small frequency
element corresponding to an element of population. We would then need to model all
the possible rates to and from these elements. A means of encorporating a continuous
A into the present collisional-radiative calculation would be to still consider photo-
absorption and emission from a discrete level, but to evaluate the intensity term in
equation (3.38) from the overlapping profiles. Thus we have the intensity at the point
of interest as the resultant intensity due to all overlapping profiles, which can then
be absorbed by an individual profile, or emitted from that same profile. That is, our

absorption factor expression becomes.

- fAV adiscrete(l/)fblend(y)dy
fQ fAy Ediscrete (V)dVdQ
where the frequency integration is over the one high series spectral line profile, and

A=1

(3.40)

the emission and absorption coefficients correspond to the values for that discrete
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line, i.e. no line blending is accounted for. It is only in the intensity term that the
fully blended emission and absorption coefficients are considered.

This approach has the advantage that it requires minimal changes to the existing
collisional-radiative framework. Rates already exist for these high n-shells, and the
As evaluated here can be added directly, such a technique has been used in section
5.2.2.

One of the long term applications of this work is the investigation into non-Maxwellian
free electron distributions. For this the specification of population ‘elements’ in the
continuum and at high quantum shells would be necessary, and the more generic

absorption factor expression is the appropriate one to use.

3.5 Conclusions

Analytic continuity of absorption factors and escape probabilities from bound through
to free states has been shown. This allows opacity to be modelled in discrete spectral
lines, blended high series lines and in the continuum. The approach shown here
is contrasted with the occupation probability formalism and shown to be a more
meaningful method of extending photo-rates across the ionisation threshold.

It should be noted that with the development of the analytically continuous emis-
sion coefficient in this chapter it is immediately possible to predict an emergent flux
that continues smoothly from bound-bound to bound-free wavelengths for an opti-
cally thin plasma. This has been done for the case of the Balmer series limit in the
fusion divertor and is described in section 5.3. The use of the escape probability and
absorption factor expressions developed in this chapter allows this type of spectral

feature generation to be extended to optically thick conditions (see section 5.2.2).



Chapter 4

Population modelling and

computation

In this chapter an overview is presented of a scheme for handling the assembly and
solution of collisional-radiative matrices suited to all future collisional-radiative work.
In particular it is designed to support studies on heavy species as well as consistent
studies involving bound and free states. In this chapter a high quantum shell module
is developed which evaluates hydrogenic populations, this will be used to predict all
the population distributions necessary for the hydrogen series limit spectral feature
code of chapter 5. In section 4.1 the general picture for the new model is outlined.
Section 4.2 describes a new set of Gaunt factors for use in the model. The details of
the high n-shell collisional-radiative module in the computational implementation are
then presented in section 4.3 and in section 4.4 an analysis is done into the validity

and automation of the bundling cut-off scheme proposed in the new model.

4.1 An overview of the model

There already exist collisional-radiative codes for light elements within the structure of
the ADAS suite of codes (Summers, 2001). These codes have been well tested and are
proven to be effective in dealing with light elements. As has been described in chapter

1, it is inappropriate to apply these codes to heavy species and an alternative scheme

94
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Figure 4.1: The details of the bundling scheme proposed for the new model.

must be developed. Figure 4.1 shows the new general picture with the switching
principal quantum shells defining the subdivisions. In this new model one considers a
fully resolved picture for the low levels, with the valence electron in the core . Here
represents the configuration, 7 the parity and J the total angular momentum of the
system. If the valence electron is in a more highly excited principal quantum shell it
is possible to view the electron as ‘built’ on a parent structure. Here -y, represents the
parent level’s configuration, 7, its parity and .J, its total angular momentum. The
decreasing levels of resolution become valid as the levels become more degenerate and
level populations become statistically distributed. One is therefore able to bundle the
populations progressively into these less resolved pictures.

With the subdivisions in the level schemes shown in figure 4.1 it is possible to mod-
ularise the assembly of the collisional-radiative matrix, in particular for transitions
where the parent is invariant. Consider briefly how the different levels of resolution
that such a model possesses should be dealt with. For transitions within the two
lowest schemes (i.e. n < ny), one has a fully J-resolved system with corresponding
transitions between all the possible levels. The rates for these regimes must be of
high quality due to the detailed spectroscopy that is expected to be performed on
the resulting spectra. These rates are assembled from the most comprehensive calcu-

lated and measured data available. The treatment of these lower levels falls within
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the approach of the ADAS 208 statistical balance code, this code uses fundamental
energy level and rate data from pre-assembled ADAS adf files. The influence of the
higher populations are projected onto the lower level results. The treatment of the
low levels is already well understood within the context of existing ADAS codes, and
becomes an issue of gathering or calculating all of the necessary atomic data. This is
a significant task for the heavier species due to the large sets of levels (arising from
the J resolution) which must be dealt with.

This chapter concentrates on developing a general model and code that can assemble
the collisional-radiative matrix blocks for the remaining three degrees of resolution.

That is, the following block of the collisional-radiative matrix will be assembled.

nlj nl n
nlj | [ L] L
nl | ][]
no | L)Ll

(4.1)

Where each ‘element’ in this matrix is in fact a matrix partition of its own, accounting
for transitions within and between the various regimes of resolution. The bundling
scheme to be used for transitions within the partition structure of (4.1) is shown
more formally in (4.2). Note that the bundling, when valid, implies statistical relative

populations of the component members of the bundle.

ny<n S ng N(’Yp”pJp)"lj = Z N(’Yp”pJp)nljJ
J

(27 +1)
N, s nljJ — - N, s nlj
(vpmpdp)nijJ (2Jp+ 1)(2] + 1) (vpmpJp)nlj

ng <n<ng N(’Yp”p-]p)”l = ZN(’YPWPJP)”U
J

_(25+1)
Yompdp)nlj = m (vppJp)ni

N

ny<n<ng : Nepymplyn = Z Nyt
l
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(21 +1)
2 N(%”pJp)” (42)

N(’Yp”p-]p)”l = n

The rates for these higher states will generally be hydrogenic expressions (or quantum
defect theory based extensions of hydrogenic expressions) from a radial matrix element
point of view, the main alterations being in the angular parts required to account for
the new degrees of resolution and the new coupling pictures that will be used. These
angular parts will be incorporated in the Gaunt factors. Thus new Gaunt factor
expressions must be derived which allow for transitions between all the necessary

levels of resolution (see section 4.2, with results summarised in table 4.1).

4.1.1 Definition of block structures for advanced computa-
tion

Before proceeding with the details of the newly proposed code it is useful to review
and define more carefully the basic building blocks that will be used and how they

carry through to the final collisional-radiative matrix.

Block primitives

As can be seen from (4.1) the most basic matrix building block is that for transitions
between two levels of resolution or within a single scheme, such as nlj — nl, or
nlj — nlj. These building blocks will be referred to as ‘block primitives’ analogous
to the ‘feature primitives’ used in the spectral feature generation codes of ADAS
602-604 (Summers, 2001), and in the high series spectral feature generation work of
chapter 5. The block primitive represents the foundation upon which all the C-R
matrices will be built. The C-R code developed in this chapter is modularised such

that each module returns a block primitive for assembly into larger C-R structures.

Blocks

We refer to the assembled structure of block primitives as ‘blocks’, analogous to
spectral ‘features’. Thus ADAS 311 run in its hydrogen setup already returns a

block for transitions between nlSL and nS states which contains block primitives
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for nlSL — n'I'S'L', nlSL — n'S", nS — n'l'S'L' and nS — n'S’. Note that it is
possible to assemble these blocks to obtain larger more general collisional-radiative

matrices which allow for complexities such as parent changing transitions.

Superblocks

This assembly of blocks is referred to as a ‘superblock’, and is analogous to the
spectral ‘superfeature’. A superblock might typically contain on its diagonal, block
partitions in which the parent configuration does not change. The off-diagonal parti-
tions would then contain parent changing blocks. The superblock matrix would then
be solved to obtain a comprehensive population solution for the atomic system under

consideration.

Description of the particular block structure for the new model

The final aim of the new model is the assembly of such a superblock. The first
diagonal block will contain all the transitions within the (y7J) scheme, where there
is no defined parent. The next set of diagonal blocks describe non-parent changing
transitions within the (vy,m,J,)nljJ scheme, with the off-diagonal blocks accounting
for parent changing transition within this scheme and transitions down to (ywJ).
As has been noted, these blocks will be assembled using the existing ADAS 208
approach. The higher diagonal elements are then blocks for non-parent changing

transitions within the remaining three resolution schemes, that is blocks of the form

Cpmij»Pmt; Cpymijs@mt CPtj—(Pn
Crmi—pmi;  Crymisemt  Cipynispyn (4.3)

Crmseiny Cpms@ym Cpms(Pin

The neighbouring off-diagonal blocks are for parent changing transitions within these
three schemes. They are negligible contributors to the population structure, allowing
them to be set to zero. There only remains the first few horizontal and vertical strips

accounting for transitions from the upper three schemes to the lower two. These are
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filled in using the projection scheme, as already used in ADAS 208.

4.2 Gaunt factors revisited

4.2.1 Background

For this work new Gaunt factors were developed accounting for all the possible cou-
pling schemes for the initial and final states. Gaunt factors are essentially quantum
mechanical corrections on classically derived oscillator strengths. The original Gaunt
factors for b-b, b-f and f-f transitions were put together in Menzel & Pekeris (1935).
Efficient methods have been developed for their determination (Burgess & Summers,
1987). It is usual to evaluate the radial and angular components of the Gaunt factor

separately. The bound-bound Gaunt factor is described by

iQi,i’RI (v, V) (4.4)

il
Wy

gl-(yyl)zﬁ E_El )
LA 724\ 22y
where w, is the statistical weight of the parent state, R is the radial integral compo-

nent and () contains the angular factors. () and R can alse be expressed as

Qi Rl (v,V') = < (SpLpJpMp)nljmJM|r|(SpLp JpMp)n'l'j'm/ M’ > (4.5)

The evaluation of this expression allows immediate calculation of the corresponding
Gaunt factor via equation (4.4). Thus the evaluation of equation (4.5) represents
the main body of work involved in the calculation of the new Gaunt factors. The
bound-free and free-free Gaunt factors can be evaluated by analytically extending the

bound-bound expression to free states, as in the continuity work of chapter 3.

4.2.2 Gaunt factor evaluated for j-j coupling

Consider a transition between two fully J-resolved levels, we evaluate the Q); » Rf, (v, V)
component of the Gaunt factor and split the position vector r into its radial and

spherical harmonic components. The expression that needs to be evaluated becomes
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((SyLyJy)nlj JM|r|(SLLL IRl T My =

p—p p

((SyLpdy)nlj JM|rYy,|(SLLL J0yn' U5 J' My (4.6)

p—p-p

In evaluating this equation, a similar technique to the one used in the L-S coupled
Gaunt factor work of Burgess & Summers (1987) is used. From appendix-A the final

result is

((SpLpJp)nljJ||rYil|(SpLp Jp)n'l's' J')|?
= 2J+1)(25+ 125"+ 1)(2J" +1)6(SpLpJp; SpLpJp)
2 2
- J J ol 1)2
x| <nllrlnl > 2| < vil|t > 124 7 g J 21 4
J g1 I j 1
Table 4.1 shows the results of this expression for various levels of bundling resolution.

The tabulated values can then be used to evaluate (); » RZ{ # (v, V'), thus Gaunt factors

for j-j coupled to j-j coupled levels can be calculated.

4.2.3 Cross coupling Gaunt factors evaluated

Consider a transition in which a j-j coupled level goes to an L-S coupled level or vice-
versa. As the very low level treatment for the future heavy ion work may be done
in an L-S coupling framework it is necessary to develop Gaunt factors that allow for
these cross-coupling transitions. The method of solution follows closely with that
for the j-j coupling to j-j coupling picture from the previous section, this time the

expression to be evaluated is:

| < (SpLp)nlSLI||rYi||(Sp Ll Jo)n'l 5 T > |? (4.8)

From appendix A this reduces to

= 2J+1DQJ +1)2S+1)(2L+1)(2' +1)*(2Jp + 1)



101

o <l > (o] < il > MK

ol <l > [ < allllr > 17K

ol <l > [ < allill > 'K

el <l > [ < allwll > 1<

(1+,12) (1+,12)
(t+9re) (14 9re) F a0+, (+,r0) wW(Ire1%s)
ol < aulalnu > (o] < allwllr > [ el <nullre > Jo < alltall > | el <nulelru > Je < pallixllr > | el <l > Jo < il > |
(1+,18) (1+,18)
(1+4re)e (1+4re)e TFaro0T,0 (I 1u(driis)
o <l > (o) < alall > 1 el <nuleliu > Jo < il > | el <anuleliu > Jo <l > | el <l > Jo < il > |
A [ W A T W
e/t f e/t a f
+ +
Sy e (1+ )1 +4re)(1+ ,fz) (1+ L)1+ .ro) fu(dritis)
o <l > (o] < gllalh > 1 el <nulliu > Jef < allxll > | el <unuleliu > Je < gl > | el <l > Jef < il > |
A I £ v
e/t a f
ﬁ [ W ﬁ Logoar W
LT/t ot Lodrr !
+
(L) Qe (14 .£2)(1 + re) (14 .£e)(1+ )1+ o)1+ re) | réwu(driqis)
adrddg) A(drddg) Lau(drdTds) o£iEau(drdds)

(j — j) coupling to (j' — j') coupling Q and R values evaluated for various levels of

Table 4.1

resolution.
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2 2
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XY (22 +1)(—1)* r
x S J z J J

2 2
g > x 1/2 Jp 1/2 =z

v J S Lp Sp
x| < nllr|n'l' > 2| < 1||Y4|[I' > |? (4.9)

As before this can be averaged to account for any desired degree of resolution.

4.3 The new collisional-radiative code

We now seek to produce a subroutine that outputs a C-R matrix for non-parent
changing transitions that can be called recursively to assemble the superblock de-
scribed earlier. This is done for nl and n levels of resolution and the method is tested

for nlj levels.

4.3.1 nl and n resolution

For the highly excited states one has an n or nl electron on top of a J-resolved core.
This is similar to the existing hydrogen mode of ADAS 311 (Summers, 2001) which
assembles rates for an nl or n electron on top of a bare nucleus, solving for the
populations.

To adapt the code for our purposes the parent statistical weight expression was mod-
ified to account for a J-resolved core. The code was modularised such that it returns
the block primitives individually. One complication was that ADAS 311 evaluates the
nearly degenerate transition rate matrix elements outside the row and column loops.
It needs to do this because it uses rates from elsewhere in the matrix to evaluate the
lifetimes of the levels involved in the degenerate calculations. In the new code the
nearly degenerate rates are evaluated within the row and column loops, the lifetimes
being estimated from the level radiative rates evaluated using hydrogenic expressions.
When the code is applied to heavy species the lifetimes can be estimated from the

initial autostructure run which sets up the energy level structure.
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The completed hydrogen module of the code can be run for a user defined set of
electron temperatures and densities. Some illustrative results are shown in figure
4.2. Tt was found that the new modular version of the code agreed with the previous
hydrogen results from ADAS 311, and that the population results varied as expected
when non-zero J, values were used. That is, the b-factors are unaltered and the

actual population values are reduced by a factor of (2.J, +1).

4.3.2 nlj resolution

A test module was constructed for the nlj part of the new code. Consider the bundled-
nl and bundled-n module of the code and split one single n level into its nlj substates.
The population of these nlj substates are then solved including all the transition
rates between the nlj substates and those to and from the surrounding nl and n
states. The hydrogen module of the code is used in a prior calculation to evaluate the
surrounding populations and new rate expressions used to evaluate the connecting
rates to and from the nlj substates. In this way the population distribution within an
nlj set of levels can be isolated and the nlj resolved rates examined. The advantage
of generating such a test module before developing a new block primitive code is that
one does not need to wait until the whole block primitive module is complete before
being able to test it. As future modules are added onto the collisional-radiative code
it will become progressively more difficult to error check the contributions from each
block primitive. There is a further point from the test module, the nlj populations for
a single n shell can be used to generate a spectral emission profile which will show the
distortion produced by the relative populations of the nlj sublevels and their relative
energy shifts. This is an important connection with our line profile studies and is
demonstrated later in this section.

Turning to the details of the test code for a whole block primitive, a perturbative
type of approach is done in which from the general C-R matrix block the nl block

primitive which is to be later expanded into nlj sublevels is selected. One has
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Figure 4.2: Population results from the hydrogen module of the new C-R code.
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[ lowblock | — S 1l » ] [ rES]
+— chosen — ..
= (4.10)
nl block ..
— — n block
Nmaw

The existing code solves the matrix equation in a b-factor picture where various
atomic constants have been taken out from both the rate expressions and the atomic

populations, giving

Ci,k’ Ci,n’l’ Ci,ﬁ’ bkl RHSk
const X | Coipr | Cerr | Criw by | = | RHSy (4.11)
Cap | Camr | Caar b RHS;

The test code obtains the solution for the b-factors of this equation. That is,

b . Cig | Cipr | Cig RHS),
T const Coik | Criwr | Corar RH Sy (4.12)
by Cﬁ,lc’ Cﬁ,n’l’ Cﬁ,ﬁ’ RH S5

One can take equation (4.11) and re-arrange it to isolate the selected nl block primi-

tive. This is performed as follows:

[Cre] o] + [Crugov] bwrv] + [Crtr] [bw] = - O; ~; [RH 5l (4.13)
(Crinv] [bpr] = co7113t [RH S| = [Crup] [br] = [Criar] [bar]
= [new RHS,| (4.14)

We treat this as a new set of equations to solve for the b, on the left hand side, the
right hand side being known from the previous solution. The reorganisation can be

checked by showing that the b, results agree with their prior values.
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The next step is to open up the nl block primitive into its nlj sublevels. Thus one
splits each RHS,,; into RHSp;;—1/2 and RHSy;i41/2. Similarly each b, is split into

bnll—1/2 and by, 14+1/2-

Cnlj,nllljl ae .e .e bnl] RHSTLIJ

= - (4.15)

To expand the RHS for nlj resolution it is assumed that these overall rates involving

the other n and nl states contribute to the nlj populations statistically. That is

l
RHS’nllfl/Q = <m> RHSnl (416)
[+1
RHSan_l/Q = (m) RHSnl (417)

A similar splitting is assumed (as a first step) for the collisional rates on the left
hand side. This is justified as follows: The left hand side is made up of b-factors and
rates such as spontaneous emission rates, collisional rates etc. The combination of the
statistical weight in the b-factors and in the rate expression means that the collisional
rates on the left hand side vary in the same way as the line strengths would. The
corresponding weight terms have already been worked out in the previously evaluated

Gaunt factor work. From the Gaunt factor tables, the weighting term is

2
joro1)2
2(2J, + 1)

(2j'+1)(2Jp+1)(2j+1){l P

2

1, . , ol 1/2

= Lojrperendd N Y (4.18)
2 I 5 1

At this point the equations can again be solved and the results should agree with

by —172 = bpprg1y2 = byp. After this further check, we can proceed to include the

proper rate expressions on the left hand side and evaluate the b-values for the new
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nlj module (again assuming knowledge of the right hand side b,, and b,; values). This
test module can be used to examine the rate expressions and check limiting cases.
In particular the condensation of the module by chosing representative levels can be
investigated.

For the test code written here only one single n' is considered such that a distorted
n' — n spectral transition can be modelled. This code is designed to be a proof that
the redistributive rates can be used in the new nlj block primitive. Upon verification
of this smaller test module the larger block primitive test code will be written.

So proceeding with the algebra for the smaller test module one returns to equation
(4.14) and writes it out more fully in terms of all the possible n values that can appear

in the nl partition. That is,

Cnolo,nolo Cnolo,n0+1l1 - - bnolo new RHS
C'no-|-111,nolo Cn0+111,n0+1l1 . . bn0+1l1 o . (4 19)
Cnclc;nclc - bnclc h

Where n.l. represents the n-shell and corresponding | states that are to be expanded

upon into nlj sub-states. Isolating the redistributive rates one is left with:

[Cnclcfnclc] [bnclc] = [RHSnclc] - [Cnclc,nolo] [bnolo] - [Cnclc;n0+1ll] [bn0+1l1] e
= [new RHS, ]

The procedure continues as described for a whole test block primitive. Results for
n. = 3 are shown here. Consider the redistributive rates. Only dipole transitions
which redistribute the electrons in j are significant. There are of course ion quadrupole
transition that provide J changing transition but as these are within a given nlj group
they do not alter the individual j populations. Thus the main mechanism of indirect
J redistribution and hence j redistribution is by transfer from nljJ to nl + 15'J'.
Note that because of the near degeneracy in the relativistic picture of ni(l +1/2) and
nl+1(1—1/2), it is only the collisional rates between nl(l+1/2)J and nl+1(l—1/2).J’
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which matter. These are allowed dipole transitions induced by positive ion impact.
A code based on the theory of Pengelly & Seaton (1964) can be used to evaluate
the ion collisional transition rates between adjacent | states. For an energy level
separation greater than that for which the Pengelly/Seaton approach is valid, an
impact parameter code (Burgess & Summers, 1976) can be used. These codes are
also used in section 4.4 to evaluate bundling cut-offs.

The by,; factors evaluated for zy = 36 and T, = 1.05 x 10°K (reduced temperature
T, = 1 x 10°K) are shown as a function of density (N, assumed equal to N;) in
figure 4.3. Note that at low densities coronal conditions apply and the populations
are determined by spontaneous emission and collisional excitation from the ground.
At about 1 x 102¢m =3 the j-redistributive rates become significant and couple the
nearly degenerate j = [ £+ 1/2 members of adjacent s together. Note that the rise in
the b-factors is due to population from the n=2 shell becoming significant. This was
confirmed using ADAS 216. As the density increases further one would hope to see
the b,;-factors converging and then the b,-factors converging. For the example shown
in figure 4.3 the behaviour at higher densities is controlled by the n-shell behaviour
and it was not possible to isolate the 1 convergence. Nevertheless the influence of the

j-redistributive rates is as expected.

Distorted profiles

With the nlj non-statistical population results a distorted profile can be produced.
Firstly a stick plot of the b,;; factors is generated. This is then broadened using a
standard Doppler profile expression to produce a distroted profile for a given n,ype, —
Niower transition. Note that if the absolute populations are used along with calculated
A-values and broadened profiles, an expected emission profile can be produced. We
show the b-factor results here to isolate the population and energy scaling behaviour.
Figure 4.4 shows a set of calculations for the n = 3 — 2 transition. The plots are for
a scaled density of 1 x 10ecm ™2 and a scaled temperature of 1 x 10°K. Note that the
energy splitting increases with 2y, resulting in a distortion of the spectral envelope.
The resultant profile is normalised to one. The higher temperature than that used

for figure 4.3 produces the increased b-factor values.
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Figure 4.3: b,,; results for n=3 as a function of density for zo = 36 and 7, = 1.05 x 10®K.
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4.4 Automatic detection of the bundling cut-offs

It is advantageous if the new collisional-radiative code can automatically detect the
bundling cut-offs and set them appropriately. In this section the criteria for such
cut-offs for the new collisional-radiative model are determined. The problem is firstly
examined from an energy level perspective and then from a rate point of view.

The first step in the heavy species code is an autostructure run to determine the energy
level structure. This section shows how typical autostructure data can be used in this
general scheme to determine the critical n-shells between bundling regimes. Consider
once more the bundling scheme of equation (4.2). It must be determined if there
is indeed valid population separation in nl space of the intervals ng < n < n; and
ny < n < ny for bundling to be appropriate. Consider this firstly from the energy

level point of view.

4.4.1 Energy level investigation

The relativistic separations of the valence electron fine structure levels from the nl

centroid, taken from Condon & Shortley (1935), are given by

AE _ 2zio®Ry n_n
Mhez T \(1+ 1) (I+1/2)
220?Ro (1 n
AE, . = A% (n 1 42
oy n (z (1+1 /2)) (4.20)

where z; is the ion charge +1, « is the fine structure constant and R, is the Rydberg
energy unit. By contrast, the J separation arises from the electrostatic interaction of
the valence electron with the parent core. The interaction is diagonal in J with the

level separations from the (J,)nlj centroid expressible in the form

AE.,; = Y (foiFai+ 92:G2)

1

21 Roo _ _
= SN (faiFui + 92:Ga) (4.21)

n3
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where the “barred” quantities are weakly dependent on z; and n and the fs, F's and
Gs are of order unity. The F's and Gs are the usual slater integrals.

Consider a critical energy splitting AE, which is the minimum level separation re-
quired for two levels to be resolved. This critical energy separation is determined
from the ion collision rates and is the mimimum energy separation required for ion
collisions to statistically populate the energy levels for the temperature and density
of interest. Thus a critical n-shell ny will occur above which j levels are statisti-
cally populated. Similarly there will be a critical n-shell n; above which the J levels
are statistically populated. For the proposed bundling to be appropriate we require
ny > ny. Taking the ratio of equation (4.20) to (4.21) one can see that this separation

of bundling intervals ny < n < n; and n; < n < ny is appropriate if

"2 5 >1 (4.22)
ny

Energy scaling example - Carbon-like isoelectronic sequence

An illustration of the energy level scaling for the Carbon-like sequence is shown below.
The superstructure code (Eissner et al., 1974) was used to generate an energy level
structure for the C-like sequence with a valence electron that could be placed in a
range of n and | shells. The core configuration was held constant at 1s?2s?2p and
the Rydberg electron added on top of this configuration. The core configuration thus
generated two possible parent states, namely 2Py, and 2Py/5. The energy splitting
between these states is expected to be significantly stronger than the j or J fine
structure splitting and should scale as z{/n?. For each parent configuration we have
the further splitting into two possible j states with j =1+ 1/2 or j =1 — 1/2, since
there is only one outer electron to form the 1 and s quantum numbers to give us the
resultant j for the valence electron. This energy level splitting is expected to scale as
in equation (4.20). There exists a further possible energy splitting due to the total J
quantum number and this should scale as in equation (4.21). For our C-like sequence

we have the following possible total J quantum numbers.
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It is expected that the largest energy splitting will be between parent states, followed
by the j splitting and then the J separation. If everything scales as expected then it
will be possible to predict the bundling cut-offs and assemble the collisional-radiative
matrix elements as intended.

Three superstructure runs were performed in order to verify the energy scaling. For
all runs the option was used to specify a core configuration and add on a Rydberg
electron. The code returned the energy level values in Rydberg units with respect
to the lowest level defined. Only a single core configuration was specified in order to
isolate the various energy splittings. The first run was performed using a 5f Rydberg
electron and z; was varied from 1 to 85. For the second run z; was held constant
at 67 to allow sufficient resolution of the splitting to be generated and n varied from
4 to 16. Lastly with z; = 72 and n = 13, [ was varied from 2 through to 10. It
was possible from these runs to verify the z;, n and [ behaviour of the resolved
energy level splittings as defined in equations (4.20) and (4.21). Note that it is this
scaling behaviour that is sought here, not the evaluation of exact energy level values,
hence there is no need for a more complex atomic structure to be entered into the
superstructure code.

Considering first the parent energy level splitting. In figures 4.5 - 4.6 we show the z;
and n behaviour of the parent splitting. The 2; scaling is as expected i.e. z{ for high
z1. As for the n-dependence, the parent energy splitting initially falls off sharply with
n and then remains constant. It should be noted that the magnitude of the parent
splitting is significantly greater that either the j or J splitting (compare the absolute
energy difference values of figure 4.5 with those of figures 4.7 - 4.18).

The behaviour of the FE,;; fine structure level from the E,; centroid, i.e. equation
(4.20) was then investigated. Taking the results from the z; run it can be seen

from figure 4.7 that the splitting varies as 2 for all possible j values. As for the
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n-dependence it can be seen in figure 4.8 that for both parents the splitting scales
as 1/n®. The l-dependence is shown in figures 4.9 - 4.10. It can be seen that the
splitting does indeed vary exactly as predicted in equation (4.20), note in particular
that the constant of proportionality is also as expected.

Consider next the E,;;; splitting from the E,;; centroid as predicted by equation
(4.21). Taking first the z;-dependence one can see from figures 4.11 - 4.13 that the
energy differences are indeed linear with z;. The n-dependence is shown in figures
4.14 - 4.16 and is seen to scale as 1/n?.

The 1 behaviour is not so straightforward, the energy difference splits into two main
groups defined by the j =1 — 1/2 and j = [ 4+ 1/2 states (see figures 4.17 - 4.18).
For low 1 there is a high degree of variance in the AE,,;;; behaviour, as expected due
to the penetration of these orbitals into the core. As one increases to higher 1 the
behaviour becomes smooth, scaling approximately as 1/I* for the case of the 2P; /2
parent. In both cases the splitting clearly falls off with increasing 1.

From this worked example it can be seen that expressions (4.20) and (4.21) are indeed
valid. Thus it is also possible to asses the ny/n; ratio shown in equation (4.22) for the
C-like case. Figures 4.19 - 4.22 show the ratio of AE,;;; to AE,;;. From equations
(4.20) and (4.21) it can be seen that this ratio is equivalent to ny/n;. As expected
from equation (4.22), the ratio becomes greater than one around z; = 20. That is, the
choice of level bundling into the specified regions is valid for approximately z; > 20.
This value varies for the different possible j values as can be seen from figures 4.19 -
4.22.

From the C-like superstructure data it was also possible to decide on the critical n
values for each bundling region. If one specifies a critical energy difference (AE,)
above which bundling is no longer appropriate, n; and ny can be inferred from equa-
tion (4.22). For example using the energy splitting values of the E:p,,,nq-1/2) and
E2P3/2n(l_1/2)J:4 levels and a AFE, = 0.01Ry the bundling cut-offs are at n; = 4 and
ny = 15.
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Figure 4.7: E,;; separation from E,; centroid - 2; dependence. Note that the energy splitting varies
as z{ for high 2 as predicted in equation (4.20). An electronic configuration of 1s?2s?2p (2P; /5)5f
was used throughout the superstructure run.
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Figure 4.9: E,;; separation from Ey; centroid for 2Py /, parent - 1 dependence. The energy splitting
varies exactly as predicted from equation (4.20). An n value of 13 was used for the autostructure
run and 1 varied from 2 through to 10. z; was again held constant at 72 to ensure that there was

sufficient level splitting to be resolved.
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Figure 4.10: E,;; separation from E,; centroid for 2P;/, parent - 1 dependence. The energy split-
ting varies exactly as predicted from equation (4.20). An n value of 13 was used for the autostructure
run and 1 varied from 2 through to 10. z; was again held constant at 72 to ensure that there was

sufficient level splitting to be resolved.
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ent, j=1-1/2.

20

AE/AE,,
—
o

AE51(\—u2)/AE51(\—1/2)J=2
AEsx(\-uz)/AEsf(\-uz)m
AEsf(l—m)/ AEsm—uz)J:a
AES%(\»JJZ)/AESI(\»JJZ)M
00 L L L L L
0.0 20.0 40.0 60.0
YA
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4.4.2 Collisional redistribution evaluated

It has been seen that the energy splitting of a given atomic system can be predicted.
Of course the actual source of the levels becoming statistically populated (with respect
to each other) is that ion collisions redistribute the electrons within a given set of
levels faster than they can decay through spontaneous emission. These ion collisions
are strongly dependent upon the energy level splitting, and thus it is important to
be able to track the splitting for any system being investigated, as in the previous
section. To ensure that the levels are statistically populated one must look at the
actual collisional rates. There are two main collisional rates that can redistribute the
electrons amongst the J levels of a given (Jp)nlj group that must be considered for
the n; cut-off to be diagnosed. The first process is collisionally induced quadrupole
transitions between members of the (Jp)nlj group, and the second is dipole transitions

from adjacent | states.

Quadrupole transitions within the one (Jp)nlj group

Consider a set of J levels within a given parent and j. The critical density at which

the J-levels will be relatively statistically populated will be given by

NG =< Ay > | << 7D (D) S>> (4.23)

where < A; > denotes the average over J of the level reciprocal radiative lifetime and
<< q(JZ_efJJ:) >> denotes the rate coefficient summed over final states J' and averaged
over initial states J. Note that this is for transitions between J populations of the
same (Jp)nlj group.

It was possible to evaluate the ion collisional redistribution rate using a code based on
the theory given in Alder et al. (1956). The code was taken from the ADAS database
of codes at JET and was originally developed by Summers. The code was originally
designed to model proton collisional rates for any given target. It was possible to
scale the proton collisional cross sections to apply to any colliding ion. This is shown

briefly below.
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Cross section scaling for heavy ions

The proton collisional cross sections scale in a straightforward manner to the cross
sections for ion collisions. The ion collisional rate, ¢(7;), is found from the cross
section o;(v). Assuming a Maxwellian velocity distribution for the colliding ions

q(T;) is given by

2

00 . 3/2 mo
qt;) = / 47T( s ) v?e T oy (v)dv
0

2nkT;
* mi \¥?1 -, 4
/Eo 8 (27rkTZ-) 5TV M, oi(v)d (4.24)

The ion collisional cross sections are equal to z;? (the effective charge of the collider)
times the proton collisional cross section evaluated at the same velocity. That is if

E, is the proton energy and E; is the ion energy, then

1
Ei = §miv2
1 E
2 §mp
my;
= m_pEp (4.25)
Thus
oi(E;) — zfap(Ep) (4.26)
Therefore
0 87T 1 3/2 i
T) = [ (o) B oy (B)dE
q( ) Eo m§ 271']{:7—’1 € ZZOP( p)
o 81 1 32 m, m; Bp ™m;
= SR em ¥ 220 (B )t dE
/Eo mi% (27rkT,-) m, e 1T 2 0p(Ep) b
8 1 i o
_ [ ) 2
- /EO m% (27#{ (%ﬂ)) Eye ziop(Ep)dE,
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where

T, =27, (4.28)

{2

is the scaled proton temperature. Thus in order to run the code for any possible
collider, one has to evaluate the proton temperature at this scaled temperature and
multiply the cross section by z?2.

The C-like sequence was used to illustrate the behaviour of N{*¢/7) for the electric
quadrupole transitions. The superstructure code (Eissner et al., 1974) was run to
generate the fundamental atomic data required to evaluate these rates. The system

was restricted to two allowed configurations, namely
o 15225%22p?
e 15225%2p : nd

where nd represents the Rydberg electron that could be placed in a range of n-shells.

The possible J-values that the system can take are shown in table 4.4.2.

Configuration | Parent | j | possible J
15225%2p? *Pijs | 3/2 2,1
15225%2p? 2P1/2 1/2 1,0
1522522p | 2Py | 3/2| 3,2,1,0
15225%2p? *Pyjy | 1/2 2,1

15?2s*2p :nd | 2Pyjp | 5/2 3,2

15?2s*2p :nd | *Pyjp | 3/2 2,1

1s?2s?2p:nd | ?P3n | 3/2| 3,2,1,0

1s?2s*2p :nd | *Pyp | 5/2 | 4,3,2,1

For the purposes of evaluating the ion collisional rates, it was decided to look at the
1525*2p(* P )2), j = l—1/2 set of levels to see at which point the ion collisions balance
the spontaneous emission rate. With the configuration chosen it is possible to get
electric quadrupole transitions between the J levels of this group and dipole allowed

spontaneous emission to any of the ground configuration terms allowed for within the
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AJ < 1 selection rule (as there will alway be a change of parity between the Rydberg
electron configuration and the ground). For the highly excited electrons, there will
also exist many other spontaneous emission decay routes that are not accounted for
within the simple atomic structure chosen for the superstructure runs. Thus it was
decided to evaluate hydrogenic A-values for each 1s22s522p : nd set of levels. In this
way a more accurate lifetime could be calculated for use in equation (4.23).

The ion collision code needs to know the energy values, electric quadrupole line
strengths and the statistical weights for each level involved in the transition as well as
the effective charge of the projectile and ion temperature of the plasma. The super-
structure code was run to get the energy level values and the electric quadrupole line
strengths. This was done for a range of n-shells, z;’s and ion temperatures. Alpha
particles were used as the colliders to illustrate the results in the context of a fusion
tokamak.

To evaluate equation (4.23) it was then necessary to form the various averages. <
Aj > was calculated by finding the average over J of the total spontaneous emission
rates from each level. Similarly << q(JZ_e)fJJ:) (T=¢)) >> was found by taking the
average over J of the total ion collisional rate (excitation and de-excitation) from
each J to all the other possible J levels in the j=1-1/2 set of levels. The results are
shown in figures 4.23 - 4.26.

It can be seen that the average A-values increase with z; and falls off with increasing
n. This is as expected due to the excited electron being held closer to the core for
high z;, thus allowing for stronger decay to the lower states. Similarly for higher n,
the electrons are further from the core and so less likely to decay.

Note that the critical density scaling is as expected with Nc(fef ) increasing with z;
and decreasing as one progresses up the various n-shells. It can also be seen that for
a light element of z; ~ 1 and n ~ 15, the critical density for statistical redistribution
in J occurs at a reasonable value (N, ~ 1 x 10%cm3).

In order to evaluate the critical n-shell above which the levels are statistically popu-
lated we plot < A; > /(<< qgﬁ{]{) (T(=11)) >> Njo,), see figure 4.27 for the results.
The critical n-shell is the one at which the curves cross 1. The plot shows the results

for a range of effective nuclear charges. The results are as one would expect, with



126

Hydrogenic <A> values

le+14
le+13
le+12
le+1l
le+10
1le+09
1e+08
le+07

Figure 4.23: A-values for the range of physical parameters that the autostructure code was run,
n and z; dependence.
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Figure 4.24: Ton quadrupole collisional rates as a function of temperature and n-shell.
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Figure 4.25: Ion quadrupole collisional rates as a function of n-shell and 2;.
n~9for z; =2 and n ~ 15 for z; = 7.

Dipole allowed transitions between adjacent 1 states

There is a second mechanism of indirect J redistribution by transfer from nljJ to
nl £ 15'J". Note that because of the near degeneracy in the relativistic picture of
nliy1/2 and nl+1; 5, it is only the collisional rates between nl;;/2J and nl—i—ll,l/gJ'
which matter. These are allowed dipole transitions but again induced by positive ion

impact. The critical density for redistribution by this pathway is

NG —< Ay > [ << 0D L (TFID) 5> (4.29)

The critical density for J redistribution is the smaller of the N,, values from equations
(4.23) and (4.29). Alternatively, for specified N*¢//) in the plasma, we seek the lowest
value of n (=n,) for I > 1 for which the equalities are acceptably satisfied.

Transitions from nljJ to nl £ 15'J" levels were evaluated for the C-like sequence to

illustrate the critical density and n-shell behaviour. For the rates, the same code
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Figure 4.26: Critical density at which the ion quadrupole collisions balance the spontaneous
emission rates from the j=1-1/2 set of levels.
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Figure 4.27: Critical n-shell plot showing the critical value at which the ion collisions balance the
spontaneous emission rates from the j=1-1/2 set of levels. A collider density of 1 x 10*em =2 and
temperature of 1 x 10*K were used.
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as that for the nij test code was used. The superstructure code was again run to
generate the atomic data necessary for the code. An atomic structure of 1522s22p : nl
was used, this time the Rydberg electron was allowed to occupy either the p, d or
f states and make transitions between them or alternatively down to the ground
15225%2p? configuration. Results were generated for a range of n-shells and nuclear
charges.

The Pengelly /Seaton code requires energy level values, absorption oscillator strengths,
statistical weights, all of which were extracted from the superstructure runs. The code
also requires initial and final state lifetimes. Due to the simple atomic structure used
in the superstructure runs, there were many spontaneous decay routes which were not
accounted for. To allow for realistic lifetimes to be produced, hydrogenic A-values
were again generated for each level of interest, accounting for decay to all possible
lower states. In this way the nd 2P, /2 set of levels were investigated, considering
all the possible dipole collisional transitions to and from the adjacent 1 states, and
spontaneous decay to all allowed lower states.

The < A; > and << ¢ >> values are shown in figures 4.28 and 4.29, and both scale
as one would expect. The critical density at which statistical redistribution occurs
was plotted for a range of n and z; values, see figure 4.30. As can be seen, there is a
straightforward increase of the critical density with z;, and a decrease with n. There
is also a slight increase with collider temperature, with the ion collisions becoming less
effective at higher temperatures. The critical n-shell at which redistribution occurs
was also plotted for a range of z;’s, see figure 4.31. As before, the results are intuitive
and verify the proposed bundling method with statistical redistribution occurring at
na~bforzy =2and na~ 12 for z; = 7.

Thus one can see that it is possible in principal to evaluate the n; cut-off for any

medium/heavy element.
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Figure 4.28: < A; > evaluated for the C-like system for the 1522s?2p : nd set of levels.
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Figure 4.29: << q,(j?c_{zdiu, (T(2¢79))) >> evaluated for the C-like system for the 15225%2p : nd
set of levels for a collider temperature of 1 x 10*K.
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Figure 4.30: < A; > /(<< qifljf_l:zdiu, (T¢f1)) >>) evaluated for the C-like system for the
1522522p : nd set of levels.
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Figure 4.31: < A; > /(<< ¢79(1GeDy >> Ny,,) evaluated for the C-like system for the
1522522p : nd set of levels. A collider density of 1 x 10'%ecm~2 and temperature of 1 x 10*K were
used for all the results shown.
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4.5 Conclusions

In this chapter much of the ground work for the new collisional-radiative code for
application to heavy elements has been laid down. The new bundling scheme has been
described and a code developed for the bundled-nl and bundled-n block primitives. A
test module to evaluate the bundled-nlj block primitives has been demonstrated, and
the usefulness of this approach in the development of future modules is clear. The
necessary Gaunt factors for the new code have been developed and an investigation
into the automation of detection of the bundling cut-offs performed using standard
ion collisional rate expressions.

The thesis work presented here is a stepping stone into the full development of the
new heavy species code. The lower levels will be dealt with in the existing ADAS
208 approach, requiring a phase of intensive fundamental atomic data production for
the heavy species to be investigated. A code has to be developed to evaluate the
new j-j coupled and cross-coupled Gaunt factors. Also, the bundling cut-off scheme
has to be fully automated. This work is planned for the next phase of the ADAS
collisional-radiative development. For a more indepth discussion on the future work

necessary to carry the work here through to completion see chater 6.



Chapter 5

Special feature synthesis for

continuum edge spectral analysis

5.1 Series limit spectral modelling background

A complete spectrum for series limit wavelengths through to the continuum can now
be generated as a function of basic plasma parameters. This synthetic spectrum is
referred to as a ‘spectral feature’. To generate such a spectral feature it is necessary to
bring together the population, line profile, opacity and continuity work presented thus
far, the individual components of this feature being referred to as ‘feature primitives’.
This is analogous to the collisional-radiative block primitives and blocks of chapter
4. This chapter outlines the method of high series spectral feature generation and
demonstrates the use of a code tailored for JET divertor conditions.

ADAS contains various diagnostic codes that perform a maximum likelihood fit of a
spectral feature to observational data. ADAS 602 fits gaussian profiles to an observed
spectrum and was used in the line identification work mentioned in section 2.9 and
Brooks et al. (1999), and in the doppler shift diagnostic work of Spadaro et al. (2000)
which led to the first observations of siphon flows in the solar atmosphere. ADAS 603
fits Zeeman spectral features to an observed spectrum thus diagnosing parameters
such as the plasma magnetic field. See Summers (2001) for a description of both of

these codes. Given the worth of such fitting codes as plasma diagnostics, the series
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limit feature work forms a natural addition to the ADAS suite of codes.
Consider the following expression for the optically thick emergent flux from a plasma

of length of line of sight b, with no incident background radiation field:

I0) = /0 " e 1)) dl (5.1)

The analytically continuous emission coefficient and escape probability expressions
from chapter 3 are used. For applications such as those we are considering in this
chapter it is also necessary to include other contributions to the emission coefficient
such as those from other hydrogen continua, hydrogen bremsstrahlung emission and
emission from plasma impurities. Section 5.2 deals in turn with all the contributions
to equation (5.1). Section 5.3 describes a code that is being developed as a diagnostic
tool for use in the divertor region of JET, with section 5.3.3 giving two example fits

to observations with a corresponding diagnosis of plasma parameters.

5.2 General components of the series limit feature

5.2.1 Atomic populations

Since it is mainly high series hydrogen-like systems that are being considered at this
stage, the high n-shell module of the population code described in chapter 4 is an
appropriate means of evaluating the population distributions. The code evaluates
b-factors for the populations up to arbitrary high n-shells for defined plasma param-
eters. A sample output datafile is shown in figure 5.1. The B(ACTUAL) column
contains the b-factors for the populations. This is split up into various contribut-
ing parts, namely that from the ground state (metastable contributions can also be
included in an extension of the code) in the F1 column, and the contribution from
free-electron recombination in the F2 column. These contributions are then recom-
bined independently to give the b-factor value B(CHECK), as a check to ensure that
the separation procedure worked correctly without cancellation error.

The procedure is used in the spectral feature creation is as follows: the code is run for

the required plasma parameters and a datafile as in figure 5.1 produced. The b-factor
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values are then read from this file by the spectral feature code. Saha-Boltzmann
populations are then modified by these b-values to give the resultant populations.
Thus each different density and temperature parameter set requires a separate run of
the population code. Although this increases the run-time for the feature generation,
it is not a major issue for a final fitting code. A future ADAS fitting code will use
a pre-calculated set of synthetic spectra or possibly spectral/population components
(called ‘feature files’) which cover a wide range of plasma parameters. That is, to
optimise the speed of the fit, the feature generation code will be separate from the
fitting itself.

5.2.2 Opacity

Provided the plasma does not fall outside the moderate optical depth regime for which
the escape factor technique is valid, one can use the continuous escape factor code of
chapter 3 to allow optically thick series limit spectra to be modelled. This produces
an escape probability as a function of wavelength that can be used in equation (5.1)
as a modification to the escaping flux.

The opacity adjustments to the high lying populations can be done in a number of
ways. In the absorption factor approach, the A values are used as parametric adjust-
ments on the Einstein A-values in the collisional-radiative matrix. This is straight-
forward for low lying discrete lines where there is one unique A for each transition.
For the higher series lines, there is some ambiguity as to whether an emitted photon
originated from one upper level or from its neighbour. One approach is to split the
high level populations into population elements, with corresponding frequency ele-
ments in the evaluation of A. The justification for this is that, as the levels merge
together, it is no longer meaningful to talk about a discrete population and arbitrary
elements of population can be defined. One can then evaluate rate expressions for all
these ‘elements’ and insert them into the new collisional-radiative matrix to produce
a population structure using As evaluated for each of these frequency elements. For
future application to non-Maxwellian distributions this is the appropriate method to

adopt.
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EFFECTIVE CONTRIBUTION TABLE FOR ION PRINCIPAL QUANTUM SHELL POPULATIONS IN THERMAL PLASMA

0  HYDROG Z0 = 1.00E+00 Z1 = 1.00E+00

TRAD = 1.00E+08 K TE = 1.00E+04 K TP = 1.00E+04 K
W = 0.00E+00 NE = 1.00E+14 CM-3 NP = 1.00E+14 CM-3
EH = 4.00E+04 EV/AMU NH = 1.00E+07 CM-3 NH/NE = 1.00E-07 FLUX = 2.77E+15 CM-2 SEC-1
OCOLLISIONAL DIELECTRONIC RATES
IG I ALF EFFECTIVE IONISATION AND CROSS COUPLING RATES
1 0 0
1 1 2.2892252E-12 1.4270595E-14

OLEVELS OF MULTIPLICITY 2

0 IR N L LT F1 F2 B(CHECK) B(ACTUAL) NN/ (BN*N+)
1 1 0 0 2.6916359E+03 0.0000000E+00 2.6916359E+03 2.6916359E+03 5.9597787E-02
2 2 0 0 2.1924905E+00 2.6379997E-02 2.2188705E+00 2.2188705E+00 1.7158663E-06
3 3 0 0 4.3777740E-01 5.5533383E-01 9.9311124E-01 9.9311124E-01 4.3081850E-07
4 4 0 0 8.3100860E-02 9.0542056E-01 9.8852142E-01 9.8852142E-01 3.5550177E-07
5 5 0 0 2.0605225E-02 9.7560245E-01 9.9620768E-01 9.9620768E-01 3.8938354E-07
6 6 0 0 6.5030788E-03 9.9215098E-01 9.9865405E-01 9.9865405E-01 4.6230796E-07
7 7 0 0 2.4537084E-03 9.9700543E-01 9.9945914E-01 9.9945914E-01 5.6013275E-07
8 8 0 0 1.0424843E-03 9.9871819E-01 9.9976068E-01 9.9976068E-01 6.7838517E-07
9 9 0 0 4.7017507E-04 9.9941826E-01 9.9988843E-01 9.9988843E-01 8.1525759E-07
10 10 0 0 2.0878734E-04 9.9973969E-01 9.9994848E-01 9.9994848E-01 9.6989633E-07
11 12 0 0 3.0043268E-05 9.9996096E-01 9.9999100E-01 9.9999100E-01 1.3308700E-06
12 15 0 0 4.0354204E-06 9.9999442E-01 9.9999846E-01 9.9999846E-01 1.9990008E-06
13 20 0 0 3.1874614E-07 9.9999951E-01 9.9999983E-01 9.9999983E-01 3.4463330E-06
14 30 0 0 2.6482030E-08 9.9999996E-01 9.9999998E-01 9.9999998E-01 7.5860560E-06
15 40 0 0 5.4066752E-09 9.9999999E-01 1.0000000E+00 1.0000000E+00 1.3383208E-05
16 50 0 0 1.6586765E-09 1.0000000E+00 1.0000000E+00 1.0000000E+00 2.0837106E-05
17 60 0 0 6.6968164E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 2.9947585E-05
18 70 0 0 3.4176328E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 4.0714588E-05
19 80 0 0 2.1517221E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 5.3138091E-05
20 90 0 0 1.6116508E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 6.7218084E-05
21 100 0 0 1.3712864E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 8.2954561E-05
22 110 0 0 1.2764456E-10 1.0000000E+00 1.0000000E+00 1.0000000E+00 1.0034752E-04

BN = Fix(N1/N+) + F2

N1 = POPULATION OF GROUND STATE OF ION

N+ = POPULATION OF GROUND STATE OF NEXT IONISATION STAGE
NN = POPULATION OF PRINCIPAL QUANTUM SHELL N QOF ION

BN = SAHA-BOLTZMANN FACTOR FOR PRINCIPAL QUANTUM SHELL N
EH = NEUTRAL HYDROGEN BEAM ENERGY

W = RADIATION DILUTION FACTOR

Z0 = NUCLEAR CHARGE

Z1 = ION CHARGE+1

NIP = 0 INTD = 3 IPRS = 0 ILOW = 0 IONIP = O

NIONIP = O ILPRS = 0 IVDISP = 1 ZEFF = 1.0 TS = 1.00D+08
W = 0.00D+00 CION = 0.0 CPY = 0.0

Wi = 0.00D+00 ZIMP = 0.0 ( 0.00D+00)

Figure 5.1: Population datafile produced by the hydrogen collisional-radiative code. Results are
shown for N, = 1x 10"em ™3, T, = 1 x 10*K. The b-factors are given in column B(ACTUAL), with
the contributions from the ground state in column F1 and from recombination in F2. The plasma
parameters are given at the top of the datafile.
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An alternative approach is to consider discrete level populations, with corresponding
rates for each level. One then considers the absorption from the resultant total
intensity due to any overlapping profile at the right frequency to be absorbed by that

line. That is, our absorption factor expression becomes:

_ fAu Qldiscrete (V)Iblended(l/)dl/
Ja Jay Ediscrete(V)dvdSQ

where the frequency integration is over the one high series spectral line profile, and

A=1 (5.2)

the emission and absorption coefficients correspond to the values for that discrete
line, i.e. no line blending is accounted for. It is only in the intensity term that the
fully blended emission and absorption coefficients are considered.

This approach has the advantage that it requires minimal changes to the existing
C-R code framework. Rates already exist for these high n-shells, and the A values
evaluated here can be included directly. Figure 5.2 shows some results for this tech-
nique, generated using the high quantum shell A code from chapter 3 - note that, as
expected, the absorption factors increase as one progresses up the series. It should
be noted that for the 14 — 2 transition and above, the lines are blending together
significantly, and at higher optical depths one sees a slight decrease in absorption
factor for these transitions. This is due to the fact that the radiation field caus-
ing the photo-absorptions is due to all the overlapping profiles and thus is greater
than that produced if the emitting line was isolated. This naturally leads to more
photo-absorptions in the line under investigation and hence a reduced absorption fac-
tor. This effect has been also been noted in the thesis of Fischbacher (2001). As
the density increases the absorption factors decrease, as one would expect (recall the
definition of the absorption factor in equation (1.14)).

It is easier to deal with the continuum opacity modifications to the population struc-
ture. The rates that are used in the collisional-radiative codes are all Maxwell aver-
aged ones, thus it is most appropriate to evaluate an absorption factor that is also
averaged over the whole continuum and can be used as parametric adjustments on
the spontaneous recombination rates. A procedure has been written to evaluate this
(see section 3.4.1), and the results are shown in figure 5.3 for an electron density of

1 x 10'e¢m ™2 and an electron temperature of leV .
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Figure 5.2: Continuum absorption factors as a function of upper level quantum number for the
Lyman series for a plasma with T, = 1 x 10K, length = 1 x 10*cm and a range of plasma densities.

0.1

0.001

Abrosption factor

0.0001 |-

le-05 : : :
100 1000 10000 100000 1e+06 le+07 1e+08 1e+09

length / cm

Figure 5.3: Continuum averaged A for the Lyman continuum plotted as a function of plasma
length with N, = 1 x 10*cm 2, T, = 1eV. Results are generated using the code of chapter 3



139

5.2.3 Line profile evaluation

Spectral line profiles are evaluated as described in chapter 3. The expression of Griem
(1960) is used as the basic profile for all levels, but is substituted as appropriate for
key observed lines by improved approximations. Here such high quality profiles are
calculated by the PPP code (Talin et al., 1995, Talin et al., 1997). PPP is used
for approximately the first fifteen series members. Calculation of the higher series
members is somewhat computationally demanding, but is also of less importance,
allowing the Griem profiles to be used. These line profile calculations are combined
with the population results to evaluate the bound-bound contribution to the emission
coefficient.

It is interesting to compare the line profile expressions as evaluated by the Griem
equation with those evaluated using the PPP code. The profiles are primarily depen-
dent on the electron density, but also vary with the electron temperature. Figure 5.4
shows the Griem profiles overplotted on the PPP results for a range of densities. It
was found that the Griem profiles produce profiles extremely close to the PPP results
up to densities of ~ 2 x 10%em ™3 for typical divertor temperatures (~ 1eV). For
densities above this, the Griem profiles underestimate the electron broadening and
thus produce profiles which are too narrow. Our primary interest for this work is in
the divertor region of tokamaks with densities from (0.1 —5) x 10'*em ™2, thus we are
in the regime where the Griem expression is starting to break down. Nevertheless,
it will still produce good profiles for many of the densities that one would want to

investigate, and for densities beyond its region of validity the PPP profiles are used.

5.2.4 Bound-free, bremsstrahlung and impurity contributions

The higher bound-free hydrogen continuum contributions are evaluated from expres-
sions such as equation (3.6). In the spectral feature code, a routine first developed for
analysis of the bremsstrahlung emission in the JET tokamak (Horton, 2001) formed
the basis for evaluation of all the hydrogenic bound-free contributions. The Horton
procedures agreed exactly with an independent routine developed here. For compat-

ibility with ADAS and other applications, it was decided to base the work here on
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Figure 5.4: The resultant bound-bound emission coefficient evaluated using the collisionally broad-
ened profiles of Griem (1960) compared with those from the PPP line broadening code. The lower
set, of plots show the results on a logarithmic y-axis. The first fifteen profiles of the Balmer series
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the Horton procedures. The hydrogen bremsstrahlung contribution from the Horton
code is evaluated from analytic hydrogenic expressions given by Burgess & Summers
(1987). Horton’s code also evaluate all the continua from impurity species. For this
it requires information on the ionisation and recombination coefficients for each ion-
isation stage of the impurity in question. This information is obtained using the
ADAS subroutine d2data.for which in turn accesses atomic data from ADAS adfl1
files. Note that all ionisation stages of an impurity are included

All the continua contributions from all possible impurity species are generated within
the spectral feature calculation by this method. The impurity emitters may originate
from a different region of the line of sight than the hydrogen emitters. Thus the
code allows for different temperatures, densities and length of emitting regions in the

impurity calculation.

5.3 A specific code for modelling the Balmer emis-

sion in the JET divertor.

5.3.1 Details of the physical problem

With the possibility of generating a complete spectral feature incorporating the con-
tinuum edge, a much more complete comparison with spectral observations is now
possible. The main study here is as a potential diagnosis tool for the JET diver-
tor. A description of divertor conditions and typical high series spectra has been
given in chapter 1. In this region, one sees a strong Balmer series limit spectrum
when the plasma detaches from the divertor wall. Under these circumstances it is
no longer possible to rely on langmuir probe temperature and density measurements
(such probes are embedded in the divertor walls) and alternative pure spectroscopic
techniques such as this high series one become of value. The plasma parameters in
this case are extracted by fitting a synthetic spectrum to the complete series limit
and continuum edge observations. This has in fact been done with some success by
Pigarov et al. (1998). See section 3.3 for a description of the differences between the

approach presented here and the one used by Pigarov. The plasma parameters which
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can be deduced in principle are the electron temperature from the free-bound contin-
uum slope and intensity ratio of the high series members, the electron density from
the width of the high series lines, the recombination state from the series decrement
and, if the impurity contribution to the emission is significant, the Z-effective and
impurity concentrations from the underlying continuum level.

The JET KT3 spectrometer was used to measure the high series Balmer spectra.
KT3’s line of sight ‘sees’ about 70% of the outer divertor target as shown in figure
5.5. It is estimated from the JET plasma transport codes that the Balmer emission
originates from approximately 2-3 cm of the divertor region for the vertical plate
discharge and 3-4 cm for the horizontal plate discharge, though these values have large
uncertainties. As one can see from figure 5.5 the line of sight of KT3 passes through
the centre of the tokamak cross section so the total observed intensity will potentially
contain contributions from outwith the divertor region. In the experiment the KT3
instrument takes a sequence of temporal shots over a single JET pulse. Information is
generated from each track (i.e. spatial position) at each time slice. KT3 has a spatial
resolution of 13mm and 0.1nm spectral resolution. An exposure time of 100 msec
was used for the high-n Balmer observations. Note that the spectrometer is able to
measure the Paschen continuum edge and the spectral feature code is also able to
model this spectral region. An analysis of Paschen spectra has yet to be performed.
From Meigs et al. (1998) typical JET divertor conditions would be an electron density
of ~ 1 x 10*em =3, neutral deuterium density of ~ 1 x 10'3¢m =2 and electron and ion

temperatures of ~ 1 x 10*K.

5.3.2 Modelling work
Population results

Figure 5.6 shows the b-value results of the population code for an electron density of
1 x 10*em™2, and electron temperature of 1 x 10*K. It can be seen that the atomic
populations reach Saha-Boltzmann values by about n = 5. The b-values in figure
5.6 correspond to the datafile shown in figure 5.1. Examination of the datafile shows

that the excited level populations are largely populated through recombination (i.e.
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Figure 5.5: Tllustration of the lines of sight of the KT3 instrument in the Balmer series limit
observations.

the contributions to b, come largely from the F2 column), as one would expect from
a strongly recombining plasma.

Thus, for the higher Balmer series transitions which are of interest here, the upper
level populations are close to their thermodynamic equilibrium values. Also, one can
have confidence that the free electrons will have a Maxwellian velocity distribution,
making the hydrogenic continua expressions for © and & (which assume Maxwellian
distributions) valid. Despite the fact that TE values would be sufficient, the spectral
feature code takes the evaluated b-values into account to allow for extension to NLTE

conditions if necessary.

Opacity results

The opacity code of chapter 3 was run for the selected divertor conditions and as
expected the plasma is optically thin both from an emergent flux and a population

point of view for the spectral region (see figure 5.7). Thus © can be set to one for the
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Figure 5.6: Population b-factors vs principal quantum shell for divertor conditions.

emergent flux calculation and no population adjustments are necessary for the higher
series transitions.

As has already been shown in figure 1.11, the lower Lyman lines are likely to be
optically thick. An optically thick population calculation was performed to evaluate
the effect of Lyman series photo-absorption on the excited state population structure.
ADAS 214 was used to generate the optically thick adf04 for population processing
via ADAS 205, see figure 5.8. It can be seen that the n=2, 3 & 4 shells all have en-
hanced populations. Upon closer investigation it was found (for an electron density
of 1 x 10'* ¢m™3) that the increase in the n=2 population is due to photo-absorption,
while the increase in the n=3 & 4 populations is mainly due to electron excitation from
the enhanced n=2 shell, with the effect becoming less pronounced as one increases
in n-shell. Thus there is an indirect influence of opacity on the populations for n >
3. As was seen from figure 5.1, recombination dominates over collisional excitation
for the highly excited states, and these opacity effects are not likely to change this.
However, the photo-absorption enhanced population of the n=2 shell and subsequent
collisionally enhanced populations of the higher shells must be included for complete-
ness in the final ADAS code to allow lower series members to be modelled correctly.
Thus for the series limit work presented in this chapter opacity is considered to have

a negligible effect on the highly excited populations.
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Figure 5.8: Upper plot shows the optically thin excited population densities for the first five
n-shells for typical divertor conditions. The lower plot shows the optically thick results.
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Hydrogen bound-bound, bound-free, bremsstrahlung results and impurity

contributions

The emission coefficient as evaluated in the code is made up of many components.
Figure 5.9 shows the hydrogen bound-bound, bound-free and bremsstrahlung contri-
butions for the case of an electron density of 1 x 10**em 3, electron temperature of
leV and a line-of-sight length of 10¢m. Note that the other hydrogen continua, in
particular the Paschen continuum makes a significant contribution to the resultant
spectrum at the minima between discrete series lines. The bremsstrahlung contribu-
tion is the least significant, but must still be accounted for.

In order to evaluate the impurity contributions to the emission it is necessary to
know the impurity concentrations in the divertor plasma. Typical values for JET are
given in McCracken et al. (1998). Figure 5.10 shows the contributions to the total
intensity of the synthetic spectrum from carbon, oxygen and beryllium impurities at
the median concentrations of McCracken (i.e. impurity concentrations of 1 %, 1 % and
0.2 % of the deuterium density respectively). The impurity contribution, although
present, does not significantly alter the synthetic spectrum. For the results shown in
figure 5.9 and 5.10 the hydrogen b-b, b-f and impurity emitters were given identical
line of sight lengths, electron densities and temperatures.

Note that the inclusion of the various continuum contributions (even at the 10 % level)
significantly alters the diagnostic values returned by a fit to the observed spectrum.
If these contributions are excluded then a higher electron density is inferred - the
fit procedure increases the model density to broaden the lines so that the minima

between discrete lines can be matched.

5.3.3 Fitting the JET data and diagnostic results.

Fits were performed on data from two different density runs where the tokamak was
configured such that the strike point was on the vertical and then on the horizontal
plates of the divertor (JET pulse numbers 43735 and 43738). Observational data from
KT3 was available for these two pulses for a range of time slices and track numbers.

For consistency it was decided to examine the results from track number 6 for both
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Figure 5.11: Diagnostic fit to pulse 43735, Balmer series limit spectrum, track 6, t=18.95s

pulses. An analysis of these pulses has already been performed (Meigs et al., 1998 and
Meigs et al., 2000) where the FWHM of the 9-2, 10-2 and 11-2 lines were measured
and the electron density inferred. An electron density is deduced by Meigs for each of
thee three lines independently using a Stark profile expression from Breger, 1998. For
a meaningful comparison to be given, it was decided to model each pulse at a time
slice for which FWHM data and hence diagnosed electron density had been obtained.
Figure 5.11 shows our optimised fit to the data of pulse 43735. Note that the fit was
optimised iteratively by hand. The automatic least squares optimising of the feature
to the data is in development as a future ADAS code. The diagnostic values from the
fit are shown in table 5.1 with the results from the FWHM analysis of Meigs shown
in table 5.2.

The second fit performed was to the results of pulse 43738. Figure 5.12 shows our fit
to this lower density data. The deduced parameters are shown in table 5.3 and the
FWHM results in table 5.4.



‘ Physical quantity

‘ Value for synthetic feature ‘

Electron density

3 x 10M4em =3

Ion density

3 x 10%em =3

Electron Temperature

leV

Length of line of sight

3ecm

Impurities

Carbon, Oxygen, Beryllium

Impurity abundances

1%, 1%, 0.2%

Table 5.1: The diagnostic values returned from the fit shown in figure 5.11

| Balmer line | FWHM A | Diagnosed density cm—®

9-2 4.6792922 4.19 x 10%em=3
10-2 5.8150216 4.29 x 10%em =3
11-2 7.5598365 4.29 x 10™em ™3

Table 5.2: Diagnosed electron densities from the FWHM analysis of Meigs.
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Figure 5.12: Diagnostic fit to pulse 43738, Balmer series limit spectrum, track 6, t=19.45
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‘ Physical quantity ‘ Value for synthetic feature ‘

Electron density 0.85 x 10*em =3
Ion density 0.85 x 10*em 3
Electron Temperature leV
Length of line of sight 16ecm
Impurities Carbon, Oxygen, Beryllium
Impurity abundances 1%, 1%, 0.2%

Table 5.3: The diagnostic values returned from the fit shown in figure 5.12

| Balmer line | FWHM A | Diagnosed density cm—®

9-2 2.7419637 1.88 x 10Mem =3
10-2 3.6132523 2.10 x 10"%em =3
11-2 4.5239519 2.10 x 10™em =3

Table 5.4: Diagnosed electron densities from the FWHM analysis of Meigs.

Discussion of the fit

As one can see from the graphs and the optimised input parameters, reasonable fits
have been achieved. The present fits to the spectra yield systematically lower den-
sities that those returned from the FWHM analysis. This is because the continua
contribution are not considered in the FWHM analysis. As was indicated in section
5.3.2, neglecting the complete set of continuum contributions can leads to an inferred
electron density that is spuriously high. Failure to account for all continuum contri-
butions may also explain a similar discrepancy noted as point (iii) of the series limit
analysis of stellar flares in Zarro & Zirin (1985).

It should be noted that obtaining an optimal fit as shown above is not just a matter
of matching the line widths on the high series lines. The code returns the absolute
intensity of the spectrum and it is necessary for this to match the observations as
well. Thus the line widths, degree of line blending and absolute intensity all have to
be correct for a good fit to be achieved. This internal consistency adds value to the

diagnostic parameters returned from the fit.
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Some development of the code is required before it can be used as a diagnostic tool.
The first thing to note is that there are many variables that affect the fit. An uncon-
strained multi-variable optimised fit would certainly reveal many local minima and
an ambiguous set of ‘optimised’ parameters. A number of the variables, such as im-
purity concentrations are only weakly orthogonal from the point of view of continuum
emission. The number of search parameters must be reduced, or some ‘global opti-
misation’ of a whole range of diagnostic measurements including this present series
limit one must be adopted. For the demonstration here, we have felt able to specify
a number of parameters to a reasonable degree of accuracy independently (especially
impurity abundance and length of emitting region) to allow the remaining parame-
ters to be varied and a meaningful fit achieved. We note that the the line-of-sight
length used in the fit of pulse 43735 is longer than one might expect. For typical
divertor models, the length of emitting region is ~ 3 — 5¢m. It is probable that con-
tributions to the measured intensity also came from the part of KT3’s line-of-sight
passing through the core of the plasma. A possibly improvement to our mehtod is to
use the KS4 instrument as a second reference spectrometer. It is similar to the KT3
instrument, except that its line-of sight excludes the divertor region. This could be
used to determine the contribution to the intensity from regions outside the divertor
and hence be used to adjust the KT3 observations. Even with this it is probably
necessary to model the predicted intensity as originating from two different emitting
regions within the divertor as is done in Pigarov et al. (1998). More information from

JET plasma modelling codes is needed to guide such an approach.

5.4 Conclusions

The generation of complete series limit spectral features has been demonstrated and
the fitting of such features to JET divertor observations shown. Good fits were
achieved for both a ‘low’ (N, ~ 0.85 x 10 ¢m ™) and a ‘high’ density (N, ~ 3 X
10'*cm—3) observation. The next stage will be to tailor the code to be more specific
to the JET divertor setup, for example taking into account all of the emission from

the line of sight, not just those from the divertor, and diagnosing the impurity content



153

for the JET pulses that were analysed.

This work is planned for the immediate future, the aim being to have a code that can
perform an optimised fit to the JET high series Balmer observations from the divertor
region and return diagnostic information on the local plasma electron temperature
and electron density. This will be incorporated into the existing JET data analysis
software. The proposed code will perform a least squares fit, and will cycle through
multiple spectra once the initial fitting parameters have been set. In developing this

code, advantage will be taken of the structure of the existing ADAS fitting routines.



Chapter 6

(General conclusions and future

work

6.1 (General conclusions and summary

This thesis has presented a general investigation into spectral series emission and pop-
ulation modelling valid for both astrophysical and laboratory fusion plasmas. Starting
with an overview of basic escape factor techniques, their usefulness in modelling opac-
ity effects on population structure and emergent flux was shown within the context of
four sets of observations. A branching line ratio study of the solar atmosphere demon-
strated the use of escape probabilities as an optical depth diagnostic. Observations
of the Lg/H, ratio from the divertor region of the ASDEX upgrade showed the use
of absorption factors in calculating optically thick population densities. Series limit
observations of solar prominences and the JET divertor highlighted the possibility of
developing a spectral feature code as an electron density, temperature and plasma
recombination state diagnostic.

A thorough treatment of low series member opacity was then developed in association
with the conversion of the code of Behringer into ADAS 214. The use of the new code
in the CDS line identification work was presented and an extension of the model to
include a background radiation field given. The modified adf04 files produced by this

code are immediately applicable in existing ADAS collisional-radiative routines, and
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can be used to investigate the effects of moderate opacity on excited state populations.
The need to model series limit spectra led to the proofs of analytic continuity con-
tained in chapter 3. This allows opacity adjustments to the flux and populations to
be dealt with smoothly across the ionisation threshold. The treatment of the series
limit taken in this thesis is contrasted with the usual technique of assuming that a
statistical microfield ‘dissolves’ bound excited states into the continuum.

This led to the population work of chapter 4 where a high quantum shell collisional-
radiative model and code were developed. The model forms part of a larger plan
to model the populations of heavy species, with the code developed in this chapter
providing a natural module which will be added to a low level code of similar type to
ADAS 208. An outline of the heavy species model was given, with a description of the
approach to be taken in the assembly of each collisional-radiative module. As part
of this plan, new Gaunt factors were developed. A scheme to automatically detect
the critical n-shells between bundling regimes was also shown. The high quantum
shell code of this chapter evaluates the (v,m,J,)n and (y,7m,J,)nl block primitives of
the new scheme. A test module for the (v,m,J,)nlj component was developed and
can be extended to evaluate a complete nlj block primitive. The code of chapter 4 is
immediately applicable to the hydrogen series limit spectral feature work of chapter
5.

The assembly of such spectral features was then described, bringing together the con-
tinuity, opacity and population work of the previous chapters as well as including
expected contribution of impurity species to the background continuum. A descrip-
tion of a code designed as a diagnostic tool for the JET divertor is then given. It was
shown that the code can fit both high and low density observations and return local

plasma parameters.

6.2 Areas for future work

The studies in this thesis indicate some areas in which the usefulness of existing ADAS
procedures handling opacity can be improved. The principal of these is to introduce

some special capacity in ADAS 214 for a radiation field consistent with the population
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structure, more details are given in section 6.2.1. There are two major conceptual
issues from this thesis which are expected to influence substantially our research in
the immediate future. These planned developments are outlined in sections 6.2.2 and
6.2.3.

6.2.1 Extensions to ADAS 214

At the moment ADAS 214 starts with a modified Boltzmann population distribution,
evaluates the resultant radiation field and uses this to calculate absorption factors
and hence a thick population structure. If these populations are used as the starting
point of further iterations, a population structure which is consistent with the plasma
radiation field may be achieved, the system being iterated until the population con-

verged.

6.2.2 Future work for the series limit code

The future series limit work divides into two approaches. Firstly one can construct
spectral feature fitting procedures which use plasma information from other diagnos-
tics or plasma codes to constrain certain fitting parameters. An optimised fit of the
observed series limit is then done as in the existing ADAS fitting codes. This tech-
nique can be immediately pursued and a further member of the ADAS series 6 will
be provided.

The second approach is more long term. The fitting code can be made part of a
global optimisation procedure. Thus, instead of performing a fit based upon external
bounding data from other codes and diagnostics, the fitting code is one part of an
integrated fit to the complete set of tokamak parameters. This has particular appli-
cation to fusion, where the series limit code can be integrated with existing plasma
transport codes. In this approach the whole set of codes forms the fitting proce-
dure, and consistency amongst all fitted parameters must be achieved for a valid fit.
This presents a significant task, both in the assembly of the set of codes and in the

computational optimising of the fit.
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Both approaches require development of series limit procedures which are robust, effi-
cient and tailored to the specific experimental setup of the plasma under investigation.

Initially there are two types of experimental spectra which will be modelled.

Hydrogen series limit code

With minor modifications the divertor series limit code of chapter 5 can be inte-
grated into the JET divertor diagnostic software. Constraints must be put on the
initial fitting parameters, based upon information from other plasma diagnostics. In
particular, more detailed knowledge of the core impurity contribution to the spectrum
can be measured using the KS4 spectrometer. The code of chapter 5 will be called as
part of a least squared fitting procedure, in the same manner as the existing ADAS
fitting codes. A useful capability of these codes are that they allow impurity lines as
well as the generated spectral feature to be incorporated in the fit (the presence of
impurity lines in the JET data can be seen from figure 1.15). It is hoped that such a
fitting code will resolve the discrepancy found when the FWHM analysis is used to
diagnose electron densities from various series limit lines where agreement was found
using the 11-2 and 8-3 lines but not using the 7-3 line (Meigs et al., 2000). This work

is planned for the immediate future.

Helium series limit code

The principles of continuity and feature generation can be extended to model helium
series limits. Here of course both singlet and triplet series limits will be produced.
There have been two recent observations of the helium Lyman series limit. The first
was in a high density laboratory plasma and analysed using a collisional-radiative
model (Namba et al., 2000) which included an escape probability to account for
opacity. This allowed the observed plasmas to be classified into ionising and recom-
bining type. The Lyman series limit was also observed in the DIII-D tokamak (Whyte
et al., 2000) and the recombination spectrum used to diagnose the plasma electron
temperature and effective ionic charge during plasma disruption.

While the Lyman series is of interest, the main opportunity for future research lies
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in modelling the triplet series. For higher quantum shells L-S coupling breaks down,
and the excited electrons can be thought of as a mixture of singlet and triplet states.
Thus electron on the triplet side effectively spend some time in a singlet state and
are no longer mainly confined to decaying down to the 1s2s3S shell. Thus one would
expect that the resulting triplet spectrum would consist of discrete lower series lines
and that as one progresses up the series a partial quenching of the spectrum would
be observed at the point where the spin system breakdown allows triplet electrons to
decay down to the ground on the singlet side. Such a quenching has been observed
(Ohno et al., 1998), though it was interpreted as evidence of molecular activated
recombination.

Collisional redistribution is an essential ingredient for such quenching to take place.
The collisional-radiative modelling of the highly excited states of helium is an area
requiring attention, and a technique which allows the nature of the spin system break-
down to be investigated would be useful. Improvements in the collisional-radiative
model would then reap further benefits in all helium based diagnostics. It should
also be noted that the new scheme proposed for the heavy species work does not use
the conventional L-S coupling for the excited states and so will be able to track the
behaviour of these excited states, and the expected series quenching. The density
sensitivity of the spin system breakdown could also be used as a diagnostic tool.

In a recent experiment at JET some preliminary observations were taken to evaluate
whether any helium triplet series could be observed (Meigs, 2001). In the region 3640
A — 3520 A members of the triplet series (to 1s2p3P) were observed, and quenching
effects detected. Thus it appears that further work into series limit modelling for

helium triplet series is justified.

6.2.3 Population extension for heavy species

The extension of the population work of chapter 4 to deal consistently with heavy
species populations provides a variety of future applications. The primary motivation
for this work at the present time is the need to be able to detect heavy species at

typical ITER temperatures and densities. It has been proposed that heavy species
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be embedded at different depths in certain of the carbon fiber composite wall tiles of
ITER as erosion markers. As the tiles are eroded the heavy species layer is ejected into
the plasma core and its spectral signature detected. It will also be necessary for ITER
to take advantage of the good thermal resistance of heavy species in the tokamak
design. Consider the spectrum from a species such as tungsten. One observes a
complex grass-like spectrum arising from a combination of the many ionisation stages
of the species and the complex set of energy levels present. The grass-like spectrum
does however have a recognisable ‘spectral envelope’ arising from imperfectly resolved
‘transition arrays’. This envelope shows a strong temperature dependence. The
marching of transition arrays as one progresses iso-nuclearly and iso-electronically has
been shown theoretically (O’Mullane & Summers, 1999). This will allow even adjacent
heavy species to be resolved. The higher levels become hydrogenic in behaviour and
their series limit spectra merge with the general continuum-like appearance of the
spectral envelopes.

Pixel sums over specified wavelength intervals will be performed on the observed
envelopes using ‘computational filters’. This will be used to extract a set of num-
bers (‘signature numbers’) to be used as the parameters to be matched in a high
throughput fitting procedure. Both neural networks and genetic algorithms will be
investigated as potential pattern recognition methods. It will be possible to generate
training data to test the fitting procedures. At present experimental spectra for the
heavy species at expected ITER conditions cannot be generated, and as the tran-
sition array are markedy temperature sensitive, lower temperature data will not be
sufficient. Thus computational modelling will be relied upon to generate synthetic
signature numbers and provide the necessary training datasets. To test the robust-
ness of the fitting procedures the synthetic envelopes will be combined with actual
noise from an experimental device such as JET. This will produce test datasets of
‘noisy’ signature numbers to be fitted by the code.

The work required for the completion of the heavy species collisional-radiative model
is significant, but achievable. The new coupling scheme has been outlined in chapter
4. The (J,)nl and (J,)n resolved block primitives can be evaluated at present. The

single n-shell test code for the (J,)nlj resolution will be extended to encorporate
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an entire block primitive. This will then be used to test condensation schemes, the
effects of the redistributive rates and methods of population solution. An (J,)nlj
block primitive code will then be written.

The initial baseline data for the low level blocks will be generated using ADAS 801,
and will be produced in adf04 format. The data will be complete for the species under
investigation, but of fairly low quality. The low level data will then be supplemented
with higher quality data from codes such as HULLAC and R-matrix. The low level
rates will be assembled in the ADAS 208 approach. The influence of the higher
populations can then be projected onto these low lying results and a population
solution obtained.

The modularisation of the code outlined here allows advantage to be taken of modern
high performance parallel computers. Each block primitive can be calculated inde-
pendently on a different processing node. The block primitives can then be assembled
into the blocks and the final superblock matrix. Such parallel techniques are likely
to be required for the assembly and solution of the large matrices needed for heavy
species modelling.

The collisional-radiative code will be combined with an ionisation balance calculation
to predict a synthetic feature. The feature will then be isolated into components and
fitted to the observed filtered envelope segments. The final model will be linked to a
plasma transport code and used in a global optimisation routine wherein theoretical
spectral features, elemental concentrations, densities and spatial distributions are

simultaneously fitted to observed plasma parameters.



Appendix A
Gaunt factor evaluation

This appendix derives equations (4.7) and (4.9), for use in the calculation of the
Gaunt factors for the new coupling scheme. Coupling of the angular momentum of
a valence electron to the core configuration can be conveniently expressed with the
introduction of ‘Clebsch-Gordan’ coefficients (sometimes referred to as ‘vector cou-
pling’ coefficients and equivalently expressed as ‘Wigner 3-j’ coefficients). Consider
the wavefunction W(j;j2jm) such that j is the resultant angular momentum due to
j1 and jo, with corresponding magnetic quantum number m. The Clebsch-Gordan
coefficient (C71727 ) can be used to uncouple ¥ (j,jojm) into the constituent wave-

mimam

functions for j; and jo. CJ1921  and is defined such that

\I’(jlj2jm) = Z szllj%mq)(]ikmlmz) (A-l)

mim?2

where ®(j1jamims) = W(j1m1)¥(jamz). Angular momentum problems reduce to
a set of these Clebsch-Gordan coefficients which can be further reduced to a set
of ‘Wigner 6-j° and higher coefficients using various transformations and symmetry
properties. There exists an elegant technique, first introduced by Levinson (1955)
for the manipulation of angular momentum coefficients, whereby one converts the
coefficients into graphical form and manipulates the resultant diagrams. The various
mathematical transformations of the Clebsch-Gordan coefficients all have correspond-
ing geometric transformations on the diagram. The graphical method is described

in standard quantum angular momentum text books such as Rose (1986), Edmonds
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(1974), with the most complete description being found in chapter 7 of Brink and
Satchler (1968). For completeness, the key details are reproduced here in appendix

A.1. The new Gaunt factors are then derived using these rules in appendix A.2.

A.1 Basic rules for graphical expression and ma-

nipulation of Clebsch-Gordan coefficients

The Clebsch-Gordan coefficients can be transformed into Wigner 3-j coefficients as

shown in equation A.2.

cote — (1) (20 + 1)1/2 ( Z Z ; ) (A.2)

a b c

where ( 5 ) is the wigner 3-j coefficient. This is expressed graphically by
«Q Y

associating a straight line with each of the angular momentum vectors a, b and ¢ and

joining the lines at a single point or ‘node’. The Clebsch-Gordan symbol is drawn as
in figure A.1 and the Wigner 6-j as in figure A.2. - note that each node has a sign
attached to it. By convention the magnetic quantum number associated with each
angular momentum vector is omitted from the diagram. Also note that some vectors
have directional arrows attached to them.

The rules for graphical manipulation of Clebsch-Gordan coefficients are as follows:

1. Any geometric deformation that preserves the order of the arrows and signs on
each node is allowed. If the cyclic order at any node is changed there must be

a corresponding change in the sign of the node.

2. A change in the cyclic order of the 3-j symbol results in a change in the sign of

the node as shown in figure A.3.

3. Two lines representing the same total angular momentum can be joined together

as in figure A4

4. A line with two oppositely directed arrows is equivalent to a line with no arrows
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Figure A.1: Graphical representation of the Clebsch-Gordan coefficient

5. A line corresponding to an angular momentum a with two arrows in the same

direction is equivalent to a line with no arrows times a factor (—1)2.

6. If an arrow on a line with angular momentum « is reversed, the graph must be

multiplied by a factor (—1)2.

7. Three arrows may be added to a node, one to each line, without changing the
value of the graph. The arrows must all be directed either into or out from the

node.

The ‘Wigner-Eckart’ theorem can be used to reduce the matrix < jm|T),|j'm' >,
where T}, is an irreducible tensor operator (such as a spherical harmonic), to extract

the dependence on the magnetic quantum numbers. The theorem states that

<JITulli" > jiai

Note that the magnetic quantum number is now contained in a Clebsch-Gordan co-

< gm|Thulg'm' >=

efficient.
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Figure A.2: Graphical representation of the Wigner 6-j coefficient. The summation is over all
magnetic quantum numbers.

a a

Figure A.3: Change in cyclic order of Wigner 3-j symbol
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Figure A.4: Combining Wigner 3-j symbols
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A.2 Application of the graphical manipulation method
for Clebsch-Gordan coefficients
The evaluation of Gaunt factors, such as the bound-bound expression

= ()

2

L QiR (v, ) (A4)

I
gz’,i’(l/’ V') = W, i,/

reduces to a need to evaluate Q and R, where R is the radial integral component and
(@ contains the angular factors. In the case of a highly excited level built on a parent

level, Q and R can be rewritten

Qi,i:Rfﬂ,(u, V') =< (SpLpJpMp)nljmJIM|r|(Sp L JpMp)n'l'j'm' I M' > (A.5)

At this point the RHS is simplified using Clebsch-Gordan coefficients.

A.2.1 Gaunt factors for j-j coupled initial and final states

Consider a transition between two fully J-resolved levels, we evaluate the Q; # R ; (v, )
component of the Gaunt factor and split the position vector r into its radial and

spherical harmonic components. The expression that must be evaluated becomes

((SyLpJy)nlj JM|r|(S.LE Il T My =

pp-p

((SyLpJy)nljd M|rYy,|(SLLLJ)n'l' J' My (A.6)

p—p~p

Using the Wigner-Eckart thereom (equation (A.3)) to extract the dependence of the

matrix on M and M'.

((SpLyd,)nlj JM 1Y, | (S L Jp )15 T M)
Ci _ _
= %((Sp%%)nlﬂ\\ﬂﬂ\(S}:L'pJ}a)n’l’J’J’> (A7)

Multiply both sides by 3=z, Ciii/y, and use
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3 Cl T Crhe = SraSnm (A.8)

M'u

to get

> ((SpLypdyp)nlg IM 1Yy, | (S Ly TRV 5 T M YC iy (2 + 1)1

p—p”p
M'u

= 5JJ15MMI<(SPLPJP)TLZ].J‘ ‘TK||(S}:;LIPJ;3)77/ZI_]IJ,> (Ag)

Now sum both sides over M, note that the RHS in the above equation has no M
dependence, and thus the sum over M introduces a factor (2J + 1) on the RHS.

((SpLpdp)nljJ|[rYi]|(SpLpJp)n'l's' J')
= @I+ 1)2 3 Oy (SpLyp dy)nlg IM |rYy, (S, L, J)n'l' 5 J' MY A.10)

ppp
M'Mp

Then use the Clebsch-Gordan coefficients (equation (A.1)) to reduce the matrix de-

pendence to j, m, j' and m/.

LHS = @J+1)72 S ciphom ol

! ! !
Mpm/ M
M'u
Mpm
M;Dm'

X ((SpLpJpyMp)nljm|rYy,|(S, L, J, M )n'l'j'm') (A.11)

p—p p P

Since there is no change in the parent configuration this can be expressed as.

LHS = (2] +1)78(SpLpJeMp, SLyJyMy) 3 CliltCatmn Citntan

pp p P
M'u
Mpm
M},m'

x{nlgm|rYy,|n'l'j'm')

= QT+ 1720, Lpdy, SyLyTs) D Clt Cotomas Cotrt
My

P> ~p~pp

Mpm

m'

X < nl|r|nl' >< Ijm|Yy,|l'j'm' > (A.12)
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Then use equation (A.1) to uncouple j, m and j', m' into I, my, s, ms and I';, mj, s,

!

m.

LHS = (2J+1)36(SLpdy SSILTY) S Ol it Oy Ot

ppTP
M' M,
mm'ml
ms m;m's

xC" '3 o < el >< Imymyg Y, | 'mym!, > (A.13)

mm’

ms must equal m/, so

LHS = (1 + 1) (S L S L) Y G Cl
M';/,Mp
XlemSmC B nl|r|n'l' >< lmymg| Y1, [U'mim!, > (A.14)

mmm

Using the Wigner-Eckart theorem once again we get

LHS = (27 +1)738(SyLydy, SLLLTY) S i Cor Ot

p—pTp
M’ uMp
o
m)um
Xcmlmsmcmlmsm,m < nl|T|n'l' >< l||Y1||l, >
2] +1)2
= %5(5 LyJy, SyLLJ0) < nllr|n'l! >< 1|3 ||l >

(21+1)2

CJ’IJ Jpgd C-ij"]’ C Cf Cl’ll A15
X Z M'uM M mM ™~ Mpm! M~ TMs™m mm m/ muml ( ' )

M' M,

msm;

The Clebsch-Gordan coefficients are then represented graphically and equation (A.15)

reduced to Wigner 6-j symbols as follows
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[(23+1)°(23'+1)(21+1)(2j+1)(2j'+1)]

j+1+1/2

(_1)Jp+J+|(_l)

Note the change in sign at the node

- + 1/2 +

jH+1/2 12

(_l)Jp+J+|(_l)

[(2J+1)2(2J’+l)(2|+1)(2j+1)(2j’+1)]
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_ { ] J JP }{ j’ A 1/2 }(_1)2JP(_1)JP+J(_1)l+1/2

J 71 I 5 1
x[(2 + 1)2(2J" +1)(25 + 1)(25' + 1)(21 + 1)]/2 (A.16)
Thus we have
(2J +1)71/2 . 2 2
X(_1)3JP+J+Z+1/2 g J Jp jl ! 1/2
J 71 I 5 1
x[(2J +1)2(2J" +1)(25 +1)(25' +1)(21 + 1)]'/2 (A.17)

leading to the final result

((SpLpJp)nljJ|[rYi||(Sp L Tp)n'l' §' T
= (2T +1)(2) + 1))+ 1)2J +1)5(SpLpJp; SpLldb)
2 2
g 12
x| < nllrlnl' > 2| < vl > 24 7 i U2 ) g
J g1 11

It is now possible to sum equation A.18 to account for all possible degrees of resolution

in the transitions for the new coupling scheme. The results are shown in table A.1.
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(j — j) coupling to (j' — j') coupling Q and R values evaluated for various levels of

Table A.1

resolution.
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A.2.2 Gaunt factors for cross-coupling

The angular algebra solution for the cross-coupling Gaunt factor proceeds as follow:

< (SPLP)TLZSLJH’FY”|(S;JL’PJ;D)TLIZI]/J/ >
= (2J+1) 1/2 Z CJ',NM < (SPLP)nlSLJM|7'Y1H|(S},L},J})n’l’j’J'Ml S

M'u
_ —1/2 J'1J  ~SLJ Jpg'J’
—_ (2J+ ].) Z CM’[LMCMsMLMC },TTLIM’
M'yM
MgMp M,

m’

< (SpLp)nlSLMpMg|rYy,|(Sh Ll Jp Mb)n'l'j'm' >

Note that in this last line the LHS is indepentent of M and therefore summing both

sides over M introduces a on the RHS, hence the change in sign of the (2J +1)

(2J+1)
term.

LHS = @I+1)7" S OL O wCl O, Ol O

m’rnm
M'uMg
My,
M;,m’
MSPmSMLp
mlm;m;
Mz pMsp
xCLPSele < (SpLpMy, Mg, ynlmyms|rYu,|(SeLsMy, Mg Yn'l'mim! >
M/M/Mp, pPLPLp M Sp Uz w|wplpMyp, Mg, 1M

= (2J +1)7Y25(S, Ly My, Ms,my; S LMy Mg ml) < nlmy|rYy,|n'U'm!, >

J1J  ~SLJ Tpg' T
X Z CM'MMCMSMLMCM;,m'M'
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MpMpm'
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mlmm
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a 1 T4 T
_ @I+t S ol S o i’
BNCESVE it Ot s O vt
M'uMg
MpMpm'
M’SPmSMLp
mlm;
OSP%S LplL 35 CLPSPJ;D 111

MgpmsMg™~ My, ,myMp ™~ mjmsm' ™~ My p, Mg, Mp; ™~ M M,

x < nl|rin'l" >< 1||Y1|]I' > (A.19)

One can then use the graphical methods as before to simplify the Clebsch-Gordan

coefficients.
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The results for the various levels of resolution can then be evaluated as before.
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